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BELIEFS, TEACHER EDUCATION AND THE HISTORY OF MATHEMATICS 

George N. Philippou and Constantinos Christou, 

Department of Education, University of Cyprus 

This paper is a short report of the design, implementation and evaluation of a teacher 
preparation program based on the history of mathematics. The project was carried out in 
two different universities during the past eight years. The results provide sufficient support 
to the initial assumption that the program could be effective in improving prospective 
teachers’ attitudes toward mathematics. 

Most students fail to learn mathematics mainly because of teachers’ inadequate 
knowledge of and beliefs about mathematics (Fennema & Franke, 1992). The new 
vision of the mathematics curriculum implies extended demands on the part of the 
teacher, who is expected to select worthwhile tasks, orchestrate classroom discourse, 
seek connections that deepen mathematical understandings, help students use^ 
technology, and assess progress (Swafford, 1995). The growing awareness of the" 
teacher’s role increased attention on preservice education, and hence the task of 
mathematics educators to design new programs, appropriate for the changing 
mathematics curriculum, became a prerequisite to any reform effort. 

Teachers need a well organized mathematical background; they have to be 
acquainted with the ever-growing content and structure of mathematics, its capacity 
to represent the world, its use in communication and solving problems, and they 
need an understanding of how mathematics is acquired, structured, and retrieved by 
the learner. Brown and Borko (1992) advocate that preservice programs should 
provide for growth in content knowledge and pedagogical content knowledge . 
Content knowledge is the amount and organization of the knowledge “per se” in the 
mind of the teacher. Pedagogical knowledge refers to the ways of formulating and 
representing the subject that makes it easy to students; it might be considered as a 
subset of content knowledge, including forms of representation, illustrations, 
explanations and demonstrations, unifying ideas, clarifying examples, powerful 
analogies, relationships and connections among ideas, and students’ conceptions. 

A crucial factor in designing preservice programs is the level of students’ 
knowledge and beliefs. Teacher educators should overcome students’ lifetime of 
experience in traditional classrooms, in a culture that holds as valid a number of 
assumptions about mathematics and its teaching (Richardson, 1996). A progressive 
teacher education program should provide for changing widely held myths that 
mathematics is a fixed body of knowledge rather than a field of inquiry, that 
knowing mathematics means remembering and applying rules, and that to each 
problem there is always one best answer which should be found in a few minutes. 

Teachers’ beliefs and teacher education 

Beliefs and attitudes are mental states organized through experience, predisposing 
one to respond in a certain way. Beliefs constitute the individual’s subjective 
knowledge and could be overlapping with knowledge in the sense that knowledge is 

O 
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a personalized conception of understanding, which* does not separate the knower 
from the known, it is idiosyncratic and contextual, and emerges during action 
(Richardson, 1995). Attitudes are more specific and relate to one’s tendency to react 
toward a certain event in a favorable or unfavorable way. In general, beliefs and 
attitudes are thought to drive action, but experience and reflection on action may 
change them. 

Since a teacher’s knowledge is translated into practice through the filter of 
his/her beliefs about mathematics and its pedagogy (Swafford, 1995), the student- 
teacher is expected to develop understandings, which consist of knowledge and 
beliefs, skills and abilities that are directly related to the teaching task, together with 
some personality characteristics such as interests, temperaments, and moral 
standards. Hence, a major goal of teacher education is to develop students’ beliefs 
and attitudes about mathematics and its learning. To change existing beliefs 
involves to get students engage in personal explorations, experimentation, and 
reflection, resulting in modified images as part of personal knowledge, a new 
perspective of teaching and learning that would lead to changes in classroom practice 
(Clarke, 1994). Such a change, is expected to improve teaching, though changes in 
beliefs do not necessarily translate into changes in practices. 



What the students learn in teacher education is directly connected with their future 
role as organizers of learning activities. In this context, the way mathematics is 
taught is more important than the topics covered. Thus, mathematical experience of 
prospective teachers should challenge old and foster new dispositions, and develop 
self-confidence, ability to apply mathematical methods and symbolism, and a 
perspective on the nature of mathematics through historical and cultural approach. 

The potential of the history of mathematics to enhance mathematics teaching, 
to motivate learners make the necessary connections and realize the continuity of 
human culture through the centuries, has been advocated by teachers, historians, and 
educators alike. Most of the mathematical concepts and methods taught in today’s 
classrooms were developed by mathematical geniuses. Yet, they are taught within a 
short period, as finished and polished products. It should not be of surprise that many 
students face learning difficulties similar to those encountered in the history of 
mathematics. History of mathematics could be a means to facilitate learning in 
different ways, though mathematical development need not necessarily retrace 
history itself. One can easily produce many good reasons for using history in 
mathematics teaching. Avital (1995) maintains that exposing students to some of the 
developments of the subject in the historical and social context in which they were 
originated has the potential to enliven and humanize the subject, it can teach us about 
possible learning difficulties, help us improve teaching by following the process of 
creation in mathematics, induce us create a climate of search and investigation, and it 
can provide us with exercises and problems in which there is a search progressing to 
a goal. A diachronic outlook would give real meaning to Zeno’s arrow i.e., velocity, 
a place in the present, a bow and a target somewhere in the future, otherwise “each 
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one of us becomes like in mid-air, frozen, unmoving, and dead, because the past is 
over and done with and might never have been, and the future ... may never come” 
(Heiede, 1995, p.231). 

Several possible ways have been proposed to incorporate mathematics in 
teaching. Avital (1995) proposes that it is possible to break the image of 
mathematics as a boring and difficult subject, add some color and enliven the subject 
by considering its human side and exposing students to anecdotes and exciting 
stories from the lives of great mathematicians. Swetz (1995) sees an analogy 
between a student of problems of history and an art student who visits a museum to 
study a masterpiece of a genius. Both students have similar cognitive and affective 
gains, though the pedagogical and intellectual influence of a good history problem 
could be greater, because in mathematics the student is expected to search for 
solutions to questions originated hundreds of years ago. Fauvel (1991) suggests that 
work is still needed in this direction and proposes to explore misconceptions, errors, 
and alternative views to help in resolving difficulties for today’s learners. 



The teacher education program based on the history of mathematics 

We assumed that the mathematical background of primary school teachers could rely 
on an overall grasp of the nature of mathematics, an “advanced literacy” in 
fundamental concepts and methods, and a competence in mathematical thinking. 
Building upon existing views, we designed a program following the historical 
development of fundamental ideas, taking advantage of the cultural environment. 
The program was based on selected topics and paradigms from the history of 
mathematics studied in the context of their genesis. It was expected that following a 
historic evolutionary process, studying some of the big problems that intrigued and 
inspired top mathematical minds, would motivate prospective teachers. Coming to 
know some of the successes, and understanding some of the failures of well known 
mathematicians could improve students’ conceptions about the nature and the 
significance of mathematics and liberate students of misconceptions, fears, and 
negative attitudes. Such a journey would facilitate students’ constructing meanings 
and support their self-image of mathematics and its learning. 



The content of the program . At the University of the Aegean (UA) the 
program consisted of one content and one method course, while at the University of 
Cyprus (UC) one more content course was added giving the program a luxury to take 
care of a wider set of ideas at a deeper level. The journey began with prehellenic 
mathematics, included a lot of Greek mathematics, a little of the post-hellenic 
contribution (Hindu, Moslem, medieval and enlightenment mathematics), and 
concluded with six topics from contemporary mathematics (calculus, liberation of 
geometry, liberation of algebra, set theory, logic, and Boolean algebra). 



The prehellenic mathematics (number systems, arithmetic operations, simple 
problems, and geometry) aimed at two goals: To draw attention to the empirical 
approach, which served the needs of those societies, and to let students realize the 
variety of possible approaches to solve everyday problems. The number systems 
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were completely treated in this unit. The selection from Greek mathematics occupied 
the major part of the first course and consisted of challenging problems and concepts 
associated with big names. At the opening, the focus was on the contrast between the 
Babylonian-Egyptian empiricism and the deductive method developed and perfected 
by Greeks, who laid down the foundations of civilization by asking general 
questions, seeking for principles, and drawing conclusions based on reason. 

From Pythagorean mathematics we included proportions, figurative numbers, 
the discovery of irrationals, and certainly the Great theorem. Students tried many 
proofs and extensions of this theorem (including Pappus extension and cosine-rule) 
as a means to overcome misconceptions that each problem has one best solution. 
Some nice “solutions” of the three famous problems of antiquity were discussed to 
help students realize the actual meaning of “solution to a problem”, and view 
mathematics as a human creation. 

Euclid’s postulate system is used to introduce the idea of axiomatization and 
deductive reasoning; the proof of his proposition draws attention to the “failure” of a 
great master and opens the way to a respectful but intense critique of authority. Some 
geometric proofs of algebraic identities are included and Euclid’s classic proof of the 
infinitude of primes (example of an existence theorem) is thoroughly discussed. We 
start with two primes, proceed to Euclid’s actual theorem 1X21: “Let that A, B, and 
C are prime numbers, I say that that there are more prime numbers”, and finally the 
modem formulation is constructed and proved, i.e., “Let P be the set of all prime 
numbers P={pi,p 2 , P 3 , ..., p n }, show that there exists a prime number p k that does not 
belong to P, i.e., there is a prime p k , such that p k g P”. 

Using Archimedes helix the student is lead to “solve” both the quadrature and 
the trisection problems. Squaring of a parabolic segment and applying the polygon 
method to find an approximate value of pi, the student gets in touch with a pioneer 
work on the concept of limit. The sieve of Eratosthenes is used to search for prime 
numbers and his method to find the circumference of the globe is discussed. We 
spent time on Ptolemy’s theorem leading relations between chords-equivalent to 
trigonometric formulas. Diophantus proposition II 8 , to divide a square number into 
two rational numbers is taken as an opportunity to mention Fermat’s last theorem. 

The aim of the chapter on calculus is to help students understand fundamental 
concepts, simple methods and applications, and its significance in our technological 
society. It aims at understanding basic concepts and definitions and some simple 
applications (maxima and minima, Newton-Raphson’s method and Simpson’s rule). 

The efforts to prove the Fifth Postulate form Ptolemy and Proclus up to 
Saccheri and Lobachevsky serve as an example of miss-faith to authority and the 
labors humanity put forth to “liberate geometiy”. Students are initially shocked and 
resist to accept the possibility to draw more than one parallels from a point outside a 
line, they are impressed to learn that in hyperbolic geometry there are defective 
triangles whereas there are neither rectangles nor similar triangles. The liberation of 
the students minds continues with the liberation of algebra. Non-commutative 



algebra is introduced through Hamilton’s quatemia and Cayley’s matrices, 
contrasting properties of the traditional algebra and the matrix algebra. 

The unit on set theory is mainly devoted to the properties of the two binary 
operations and the one unary (the complement), ordered pairs, triples and n-tables, 
cross-multiplication, binary relations and equivalence relations, leading to the 
definition of function. Concentration on properties continues in the unit on 
mathematical logic and the algebra of propositions. In the final part we attempt an 
introduction to Boolean Algebra and some applications to logic circuits, the ultimate 
goal being to let students have a taste of what formal mathematics is really like, 
realize how the two previous units could be unified under an abstract system, and 
understand how the computer depends on mathematics. 

The courses were taught by the experimenters in two single hour 
lecture/discussion sessions and one activity/problem-solving session of one and half 
hour duration; the latter was mostly conducted by a teaching assistant. Lecture notes 
and handouts were used, though students were expected to follow many sources. 

The program evaluation 

At the UA, the program was assessed in terms of its effectiveness to improve 
students attitudes, by concurrently administering a questionnaire to newcomers (El) 
and students exposed to the program (E2). At the UC, students’ attitudes were 
measured before they attended the first course (PI), after the first course (P2)^and 
when they completed the program (P3). 

The participants at the,UA were 231 prospective primary teachers (130 at El and 101 
at E2), while at the UC the subjects were all first year prospective primary teachers 
enrolled in 1992 (N=162), those completed the first course in 1993 (N=137), and 
finally those who completed all three courses in 1995 (N=128). 

The Scales . The questionnaire consisted of three complementary scales: The Dutton 
Scale, with eighteen items ranging from extremely negative attitudes to extremely 
positive (factors from 1.0 to 10.5). The Justification scales with two ten-item scales, 
one for liking and one for disliking mathematics. The Self-evaluation scale, a linear 
scale, on which students located their feelings on a number-line, from 1-extremely 
negative, to 1 1-extremely positive attitudes. 

Statistical analysis . The t-test and the Chi Square-test were applied to analyze the 
responses, separately on each item, and to test for differences that might have 
occurred during the implementation period. The points of the Self-rating scale were 
grouped into five levels: 1-2 meaning extremely negative attitudes, 3-5 negative, 6 
neutral, 7-9 positive attitudes, and 10-11 love for mathematics. 



Results and Discussion 



Table 1. shows that that a high proportion of students bring to Teacher Education 
extremely negative attitudes (El, PI). Note, for instance, the proportions of students 
who endorsed the statement “I detest mathematics and avoid using it at all times”. 
Similar proportions of students endorsed the statements “I never liked 
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mathematics”,“I have always been afraid of mathematics” and “I do not feel 
confident of myself in mathematics”. The same pattern of responses also appeared in 
the Self-rating scale; Indeed 36.9% and 33.5% of the subjects in UA and UC, 
respectively, located themselves in the range 1-5. Concerning the reasons, the 
students stated that they like mathematics primarily because: “it develops mental 
abilities”, “it is practical and useful” (48%, 39%), “it is interesting and challenging”, 
and “it is necessary for modem life”, while they dislike mathematics because of 
“lack of understanding” and “lack of teacher enthusiasm”. The overall picture at the 
entry stage is a warning that the situation could develop into a catastrophe, unless 
something drastic would change during preservice education. 

Table 

Selected responses from the tree scales used 



Dutton Scale 


Univ. of Aegean 




University of Cyprus 


Attitude Statements 


El E2 


P 


PI 


P2 


P3 


x" p 




% % 




% 


% 


% 




1 1 I detest mathematics and avoid 


26 16 


.00 


24 


12 


12 


10 .00 


1.0 using it at all times 














3 lam afraid of doing word 


17 24 


.01 


15 


31 


24 


9.8 .02 


2,0 problems 














10 Mathematics is as important as 


41 46 


.19 


32 


60 


64 


37 .00 


5.9 , any other subject 














13 I like mathematics because it is 


22 23 


.90 


34 


55 


43 


13 .00 


7.7 practical,, 














Justification Scale 


Un. of Aegean 




University of Cyprus 


I like mathematics because... 


El E2 


P 


PI 


P2 


P3 


X 2 P 


it is interesting and challenging 


26 29 


.39 


35 


57 


53 


16 .00 


it is necessary for modem life 


48 61 


.01 


35 


49 


76 


47 .00 


it develops mental abilities 


58 62 


.23 


47 


68 


72 


23 .00 


I dislike mathematics because ... 


of lack of understanding 


31 26 


.05 


24 


17 


19 


2.5 .28 


of lack of teacher enthusiasm 


32 44 


.00 


25 


18 


39 


14 .00 


it is never related to real life 


14 7 


.00 


15 


7 


8 


6.9 .03 


Self-rating Scale 


University of Aegean 


University of Cyprus 




El 


E2 




PI 


P2 


P3 


Attitudes 


% 


% 




% 


% 


% 


Detest mathematics (scale points 1-2) 


14.6 


5.9 




14.3 


7.3 


3.1 


Negative feelings (scale points 3-4-5) 


22.3 


25.7 




19.2 


13.8 


18.0 


Neutral attitudes (scale point 6) 


20.0 


16.8 




7.5 


9.5 


7.8 



The results showed a positive change of prospective teachers’ attitudes in both 
Universities, though more striking in the second case. Items in the lower third of the 
Dutton scale (1-6) reflect negative attitudes, in the middle third (7-12) neutral, and in 
the upper third (13-18) reflect positive attitudes. At the UA, the t-test showed 
significant change (p < 0.01) in six items, three negative and three positive, five of 
which indicated improvement of attitudes. At the UC, the x 2 -test revealed significant 
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change (p < 0 .05) in 14 items, 12 of which indicated positive change. For instance, 
the proportion of students who “detest mathematics”, or “never liked mathematics” 
dropped significantly in both Universities, while conversely, the proportion of 
students who “enjoy working and thinking about mathematics outside school” raised 
1 significantly. The increase on the statement “I am afraid of doing word problems” is 
a change of attitudes in the negative direction. 

Table 1 shows that improvement in attitudes was affirmed by responses on the 
Self-rating scale. The proportion of students who detest mathematics dropped during 
the project (p < 0.01), the proportion of neutral subjects remained rather constant, 
and naturally the proportion of positive attitudes raised significantly. Change was 
also observed on the Justification Scale. For instance, the proportion of subjects who 
liked mathematics because “it is necessary for modem life” or “because it develops 
mental abilities” raised significantly (p < 0.01). More students were convinced about 
their teachers’ “lack of enthusiasm” at the end of the program rather than at the 
beginning, and fewer students continued to believe that “mathematics is not related 
to everyday life”. 

Conclusions 

The results of this study affirmed the assumption that prospective teachers bring to 
teacher education misconceptions and negative attitudes towards mathematics, and 
supported the hypothesis that the mathematics preparatory program incorporating the 
history of mathematics would prove effective in changing students’ attitudes. A 
substantial proportion of students were found to bring with them negative-feelings 
about mathematics, a subject they will soon have to teach, mostly due to improper 
teaching, repeated failures, and misconceptions. The situation calls for special 
attention, because the teaching profession is not popular, and this trend is not likely 
to change in the foreseeable future. Teachers will continue to view mathematics as a 
fixed and finished discipline, teach along the traditional lines, and thus negatively 
influence students’ attitudes. One of the tasks of preservice education is to break 
down this vicious circle. 

Change in attitudes was sought as a second goal of the teacher mathematics 
preparation program. History of mathematics was one of two factors which proved to 
be quite decisive, the other one being the cultural environment. Improvement of 
attitudes was evidenced by three . complementary scales. In both universities, 
significant changes were found on the Dutton scale, on the Justification scale, and on 
the self-rating scale. Results were particularly encouraging at the UC due to the 
additional course and the experience gained from the first trial of the program. It 
should be noted, however, that the present study did not disentangle several factors 
that might have been operative. One of these factors relates to the mental models that 
the program created in students’ minds about mathematics; a second factor is the 
presence of instructors themselves and the way they presented the models in the 
classroom. Yet another factor, which is currently under examination, concerns the 
permanence of this change and its effect on actual teaching behavior. 
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In one item (two at the UC) attitudes were found to develop in the negative 
direction (see item 3). This should not be surprising, since most of students’ attitudes 
were formed over their entire school life and were the outcome of long prejudices of 
the social environment. It seems that some emotions in the minds of students are so 
persistent to change that it would take additional time and more challenging 
experiences to override them. Given the significance of the goal, however, no effort 
is too much, particularly since the findings seemed to offer a light at the end of the 
tunnel. Change was found to be non-correlated to any of the subjects’ characteristics 
tested: gender, type of high school, mathematics performance, and family 
sociocultural conditions. This was a rather surprising finding and it needs further 
investigation. It would be very encouraging, if the program is really so powerful as 
to affect invariably the attitudes of students, irrespective of individual characteristics. 
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WORKING CLASS STUDENTS AND THE CULTURE OF MATHEMATICS 
CLASSROOMS IN THE UK 



Hilary Povey , Sheffield Hallam University 
Mark Boylan, Northcliffe School 

We describe some mathematical work we undertook with a group of 
working class school students outside the context of their school 
mathematics classroom at a University mathematics education centre. We 
then consider their reflective responses to that experience and highlight 
two key contrasts they volunteered between the culture of their school and 
the culture they found at the University. We suggest that these reflections 
from the school students call into question some of the current * common 
sense 1 of schooling within the UK and in particular question whether or 
not the culture it generates in mathematics classrooms enhances the 
achievement and motivation of working class students. 

We begin by describing briefly 1 some work with dynamic geometry software 
undertaken at a University mathematics education centre in the UK by a group of 
working class school students. We attempt, by offering examples 2 from the students’ 
writing and speaking about the mathematics, to include enough indicative detail to 
convey what the experience was like for them. We then consider the students’ 
subsequent reflective writing. We note their stated preference for speaking and 
discussing rather than ‘writing everything down’ and report their observations about 
productive relationships between teachers and learners. On the basis of the reflective 
writing, we speculate that some current ways of conceptualising good practice for 
mathematics classrooms may be unhelpful to such students. 

Background to the work 

One of us worked at a centre for mathematics education at a University and the other 
taught in an inner city school which had a predominantly white and almost wholly 
working class intake. We arranged for a class of students to pay two visits to the 
centre. They were a ‘top set’ of fifteen year olds that the teacher, Mark, had been 
working with for nearly two years. He had pushed them (and himself) to experience 
teaching and learning styles that positioned the students as the makers of 
mathematics (Cobb et al, 1992, Povey, 1996). He was experimenting with the idea 
of ‘hinge moments of learning’ (Boylan, 1996), times when there seem to be 
qualitative shifts in our thinking. It seems that these hinge moments - when we 
swing around, find a new direction for our thinking, see things from a different angle 
- are likely to provoked by being placed in novel situations and we conjectured that 



A more detailed account is given in Boylan and Povey, forthcoming. 
Pseudonyms are used for the school and for the students’ names. 

o 



coming to the University to do some mathematics might provide some such moments 
for these students. 

Currently, new technology also seems to be a source of such opportunities. In 
addition, it can support epistemological pluralism (Turkle and Papert, 1990) and, as 
we have argued elsewhere (Povey, 1997), using computers for mathematics opens up 
the possibility of a different and more democratic relationship to knowledge. Such 
considerations are particularly pertinent for those learners who are not part of the 
hegemonic group and who therefore do not suppose easily that their knowledge is 
authoritative (Povey et al , forthcoming). We therefore decided that, on the visit, we 
would offer them the opportunity to work with some software unfamiliar to them; we 
chose to use a dynamic geometry package. 

The work with the students 

We began with a brief but explicit introduction to the nature of dynamic geometry 
software, mentioning the objects that the software made available to the user - points, 
lines and circles - and invoked a simple example to describe the difference between 
drawing and construction. We used the idea and vocabulary of mathematical 
construction and constraint as we interacted with the students working on the 
computers and some were later also able thus to conceptualise and articulate their 
jyork. They spoke, for example, of having to ‘connect the shapes mathematically’. 



During the visits we set them a number of tasks. We asked them first to explore 
some pattern making with transformations; this task included little that was new to 
the students mathematically but gave them the opportunity to become familiar with 
the syntax of the software. Next, we showed them a diagram (Figure 1) of two 
intersecting circles and an equilateral triangle and asked them to construct the figure 
so that it did not come apart when they dragged it about. 



As expected, this was challenging for all the students. However, none of the pairs of 
students was completely lost and several worked through to a solution. The activity 
appeared to be engaging and to provoke mathematical discussion, argument and 




Figure 1 
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Reflection. Hilary visited the school after this session and spoke with a group of four 
students about their experiences. 



Lucy: The first time we did it, it didn't stay did it? You could drag it and it would make all different 
triangles, it would make isosceles and everything but then, what did we do? We thought it had to be at the 
middle, on the middle of the other so when we’d done that it were all right 

Peter: We did the same as them and it all fell to bits [laughs) 

Lucy: [laughs] That’s what we did first time 

Peter: And then we couldn’ t work out how to do it so we asked them and they showed us how to do it 

Lucy: We showed them that the point had to be the middle with the same radius and then the other point 
had to be the other radius 

Hilary: Why do you get an equilateral triangle when you do that? 

Lucy: Because it's the radius and they’ve all got the same, it’s the radius 

Those who found a solution were asked if they could prove that the triangle must be 
equilateral: we asked, ‘How can you successfully argue that it must be what you say 
it is? 1 . Hoyles el al (1995) have written about the connection between geometric 
proof and construction and the need for such proof to have ‘communicatory, 
exploratory and explanatory functions alongside those of justification and 
verification 1 (plOl), Jones (1997) has suggested that using dynamic geometry 
software may help students ‘develop their ability to use mathematical language 
effectively in presenting a convincing reasoned argument 1 ( p 1 2 7 ) : this, for us, is an 
essential element of ‘mathemacy 1 if it is to support the democratisation of knowledge 
(Skovsmose, 1994, Giroux, 1992). Here we were inviting oral argument about a 
mathematical object operating as a generic example. We pointed out that the 
position, orientation and size of the construction could be varied by dragging but that 
the chosen mathematical construction of ‘equilateralness 1 remained unchanged. 
Then we asked, ‘Could you build an isosceles triangle? Or a right angle triangle? 1 A 
variety of ideas were tried but time constraints meant that many were interrupted 
before they came to fruition. Lucy and Tina had decided to approach the isosceles 
triangle problem by drawing a pair of circles not constrained to be the same size. 

Tina: We had lo make the circle wider, like there had to be a bigger space like ... 

Lucy: ... one circle were bigger weren’t it, one circle were bigger than the other one 

Hilary: Do you know why it turned out to be an isosceles triangle? Why wasn’t it just any old triangle? 

Lucy: ... because these two arc the same distance because they are both going from the middle so they are 
the same distance apart 

Peter and Darren described having tried a different approach. Talking about it 
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afterwards, they were able to draw on an idea that had come up later in the session, 
even though the vocabulary escaped them, the idea of the perpendicular bisector of a 
line. 

Darren: We tried using just one circle instead of two ... what we was trying to do was seeing if we could 
make an isosceles triangle by, we drew a circle then we put two points down near the bottom equally apart 
from each other and then put another point at the top above the points and then connected the lines together 
but it fell apart. Perhaps we could have tried it like them 

Hilary: Let’s stick with your idea for a moment. If you draw these two points and join them up, where has 
this point got to be? 

Darren: Directly in the middle of the other two 
Hilary: So how could you do it? 

Lucy: Oh that other thing the, the those lines, oh oh (sketching in the air) 

Peter: That line point connected oh oh (nodding) 

Hilary: I’ll tell you the name ’cos it's the first time you’d ever heard it. It’s called a perpendicular bisector 

Peter: Yeah! 

,j ■ 

Lucy: That’s it! 

Hilary: Why would that work? 

Lucy: ’Cos you could fix it directly at the point (points to line crossing circle) and then spread it up to 
wherever you wanted it 



Next we worked away from the computers asking the students to choose from a 
supply of tissue paper circles, geostrips, plain paper, pencils and pairs of compasses 
and to use the materials in any way they chose to make a square. Various ideas 
emerged and were shared, with discussion focussing on what property of the square 
the particular solution was exploiting. The students were then invited to return to the 
computer room and choose any polygon they liked to construct. All the pairs set to 
work with a will and had no difficulty in setting themselves a task and beginning to 
tackle it before, again, we ran out of time. Naturally, this was substantially as a 
result of patterns of working which Mark had set up with the group over time. 
Nevertheless, we also felt that the dynamic geometry environment had been 
motivating and had encouraged them to think and to discuss mathematically. 

Talking 

Following the visits, Mark asked the students to write about their expectations of the 



Peter: Yeah! 



Darren: We could have done with knowing about that perpendicular bisector earlier! 
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visit, their impressions and what they thought they had learnt. From these writings 
we want to draw out two themes. We speculate that both are connected to social 
class and school culture and their mismatch. First, a number reported on the 
liberation of not having to write everything down but instead being required to 
discuss, to invoke memory, to create and manipulate images. For example: 



[At school] you are given a text book and given some notes and told to get on with it with the minimum 
amount of fuss. At Hallam I found it was different in that you discuss something first ... it is useful because 
you are looking at the problem from a different point of view ... I learnt about the University that they 
discuss things more than writing things down (Joseph) 

In school we do all our work on paper (Roger) 

... the work that we did involved more thinking and remembering what we had done, at school we usually 
write down everything that we learn or have learnt in the past (Zoe) 

The work we did there was quite challenging and I enjoyed it a lot. I enjoyed puzzling things out and trying 
my ideas. I also enjoyed being part of the ‘group’ and knowing that I was there to not just work on my own 
but to work with someone who I could talk to, work with and relate to. It also felt good to be able to talk to 
other people about my work ... (Joanne) 

A big difference between Hallam University and Byron School is the atmosphere. At Byron you are usually 
told to get on with your work quietly, mostly on your own. At Hallam, you were allowed to discuss a lot of 
your work, both with the teachers and other students.... but the best thing was that we didn’t have to do a lot 
of writing! (Matthew) 



These responses were thought provoking for us. It has been suggested that working 
class school students spend a significantly greater amount of time than others writing 
and less time on pupil discussion tasks (Duffield et al) with ‘more urging pupils 
along to ‘do’ their work’ (plO). The approaches to learning mathematics that the 
students had described and valued had been an important part of the way Mark had 
tried to work with this class. Nevertheless, the unspoken realities and culture of 
working class school life nudged him in the direction of ‘write it down’. When 
reflecting on this, Mark identified a strong fear in himself that, if there is not a 
written record of work done, then the work will be less valid. He also recognised 
how this displays a lack of confidence that students will really learn more through 
discussion: they had better have a written record to help them ‘revise* in case the 
content is not learnt. We conjecture that the current emphasis in the National 
Curriculum in the UK on teachers’ record keeping, evidence, inspection and testing 
is a pressure away from the oral and group work these students so enjoyed.* 
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Informality ’ . 

The students found the reality of the university atmosphere very different frormwhat 
they had expected: this reminded us of the cultural differences between working 
class school students and teachers in schools. All but one of the students was very 
positive about the visits. In particular, over half of the students commented,, all but 
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BEST COPY AVAILABLE 



1 also learnt a lot about myself. 1 learnt that 1 can work with a partner and in groups to solve problems, and I 
can work on a puzzle until it is solved, correcting any mistakes I make and learning from them. (Matthew) 



Pedagogic rules are mostly kept implicit in school classrooms (Edwards and Mercer, 
1987) and, generally, do not support the development of the reflective knowing 
which ‘has to be developed to provide mathemacy with an element of empowerment* 
(Skovsmose 1994, pi 17). ‘This ... is not accidental: it is a consequence of the 
structure of power in the classroom and a particular view of how pupils learn* 
(Quicke and Winter, 1994, p444). The students wanted more informal relationships 
and more opportunity to discuss and work together. One reading of Jo Boaler*s 
research (1997) is that a relaxed and informal atmosphere, the expectation that 
students work jointly with their peers and the requirement of self-regulation were key 
elements in creating the mathematical success of working class students. This is not 
usually what is on offer: schools with working class students see more ‘teacher 
anxiety about control and wariness of pupil autonomy’ (Duffield et al , 1996, p 1 1) 
than other schools. Current measures of ‘effective’ schools and classrooms lay 
considerable emphasis on highly structured approaches to learning, on students being 
‘on task* and on tight teacher control. But we need to ask 

... what is it about control which makes us so scared of losing it. Who really needs control? Children seem 
to live comfortably in confused chaos from an early age. They cope with multiple disordered stimuli by 
ignoring most of the chaos and stressing only a small section which they then choose to work on ... If. we 
accept that tightly controlled classrooms have been inhibiting learning, should we not also consider the 
possibility that learning cannot take place unless there is confusion and conflict? (Breen, 1990, p39) 

No-one can be happy to see school students wasting their time and making nothing 
of the learning opportunities available to them in mathematics classrooms. However, 
it may be that current demands on teachers for order, structure, discipline and control 
mitigate against creating learning environments in which working class students can 
develop both a sense of themselves as authoritative learners and a thirst for further 
study. Corinne Angier, teaching in a working class school, writes 

1 find that the children in my classroom are desperate for dialogue on all sorts of levels. The challenge for 
me is to provide them with the space in which to develop their mathematical voices and not to drown out 
their efforts with a cacophony of discordant demands. As a friend, a parent, a sibling, I find it much easier 
to allow dialogue on somebody else’s terms. I happily participate in hundreds of conversations with my 
own children that lead into blind ends; a luxury 1 rarely afford the children 1 teach. In the classroom there is 
always the curriculum, the lesson plan, the implications for classroom management, most of all their is the 
fear of anarchy ... (Povey et al , forthcoming) 

In this paper we have tried to unravel some of the connections between social class, 
learning mathematics and current models in the UK of how effectively to structure 
the curriculum and the classroom. We hope, by sharing some of the reflections on 
learning from a group of working class students, to render problematic some of the 
current ‘common sense*. The implications for practice are far from clear; but unless 
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we pay attention to what such students are saying, we are unlikely even to be asking 
ourselves the right questions. 
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THE CO-ORDINATION OF MEANINGS FOR RANDOMNESS 

Dave Pratt (Mathematics Education Research Centre, University of Warwick) 

Richard Noss (Institute of Education, University of London) 

We are aiming to build a computational environment for exploring stochastic systems, with which we 
can observe children 's meaning-making for ideas such as fairness, randomness and chance, and how 
these meanings evolve during interaction with the tools in that domain. We discuss the work of two 
children in order to illustrate how the tools reshaped their sense of randomness and chance. 

Our starting point, following Lave (1988) and others broadly based within the 
situated cognition tradition, is that mathematical knowledge is constituted within a 
situation and is therefore deeply contingent upon it. Thus, a situation will 
incorporate resources in the form of tools and structures, which shape — and in 
turn are shaped by — the knowledge constructed by the tool-user. Our long-term 
aim is to study the use of tools for the expression of meanings for stochastic 
phenomena. In order to do so, we have been busy developing an expressive 
computational medium which can act as a window on learners' thinking as they 
articulate the evolution of their fundamental ideas of chance and probability. 

This notion of 'window' is elaborated in Windows on Mathematical Meanings (Noss 
& Hoyles, 1996). The central idea is that a computer-based environment offers some 
methodological advantages over the sorts of workplace or everyday environments 
that have been the main focus for.the situated cognitionists (and some disadvantages 
too which we do not have space here to consider). In such an environment the 
researcher can have systematic control over a subset of those resources which are' 
external to the learner, controlling them quite finely in ways which may be difficult 
to attain in more conventional environments. In addition, a computational medium 
can afford a trace of the outward manifestation of the learner’s thinking through his 
or her actions, in the form of key presses, mouse-clicks, and choice of the 
environment's primitive structures. 

Much depends, of course, on the choice of medium: ideally the researcher needs to 
be able to implement easily changes in design during the research endeavour. In this 
iterative scenario, the researcher simultaneously supports and investigates the child 
in his or her desire to express their mathematical thinking (see diSessa, 1995, for 
more on the question of iterative design). We have chosen to work with Boxer, a 
computational medium which is particularly suited to an iterative design 
methodology. 

We are working with young children (aged between 10 and 11 years) and have 
chosen to focus on their construction of meaning for stochastic phenomena. This is 
not an arbitrary choice. It stems from the fact that our appreciations of stochastic 
phenomena live in two almost distinct worlds: the one 'everyday' and the other 
'mathematical'. We are aware that we are using these descriptors in a rather loose 
way, but we wish to distinguish between those kinds of activities in which 
mathematical activity is, at most, incidental (like Lave’s, 1988, supermarket 
shopping) and that of mathematical activity in which there is ah explicit goal to 
separate — some might say abstract — formal concepts from concrete context- 
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bound activity. The stochastic is formalised in just this way in the form of the Laws 
of Probability and this formalisation is generally regarded as elusive for many 
children and adults (see, for example, Kahneman, Tversky & Slovic, 1982). In 
particular, Konold (1989) has observed that adults often fail to recognise a situation 
as essentially stochastic and attend to what actually happened rather than what might 
have occurred, a tendency he has named the outcome approach. 

It is at the intersection of the everyday and mathematical ways of thinking that 
glimpses of mathematical meaning-making can often be found. In particular, we 
expect that by watching learners trying to express themselves mathematically/ 
computationally, we (and they) might learn more about their intuitive, everyday 
thinking — and vice versa. In this paper, we look at the activity of two children 
(aged 11 years) who worked with a Boxer-based microworld that we are designing 
iteratively (see Pratt & Noss, 1996, for further discussion of the iterative design 
methodology). The central objects of the microworld are a series of 'gadgets’, 
computational tools which behave in many identifiable respects like their everyday 
counterparts. For example, in the DICE gadget (see Figure 1), the learner can 
'throw' a dice with varying strengths, as well as inspect and change the 'workings' 
which produce the behaviour of the dice. Other gadgets included, inter alia, a coin, 
spinners, coin rolling and Frisbee throwing. 



The DICE gadget is activated using the 
strength bar, depicted in Figure 1 as a 
solid black bar with a circular switch at 
one end. We can imagine the child 
controlling the strength by allowing a 
tube (the black bar) to fill with a red fluid 
until the switch is clicked. The strength of 
the throw, 50% in this case, is 
represented by the amount of red fluid. 
Clicking directly on the dice itself causes 
the dice to be thrown with the same 
strength as last time. When the dice is 
clicked it rolls ‘dice fashion’ and indicates 
the outcome on its top surface. The outcome is controlled by the workings box, 
which can be edited by the child. In its default (as shown), the dice is biased towards 
sixes; the probability distribution in this default form defines Pr(scoring a 6) = £. 

A gadget therefore embodies quite explicitly and accessibly a mathematical 
representation of how it works. This representation is both instructive, in the sense 
that the children need to make sense of it, and constructive, in the sense that it can be 
modified and used as a building block for extended ideas (see O’Reilly, Pratt and 
Winbourne, 1997, for further discussion of these notions). 

An illustrative episode 




Figure l : The DICE gadget. 




Sophie and Jackie are two 11-year-old children, who were exploring a range of 
gadgets provided as resources. Their challenge was to identify which gadgets they 
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felt were “working properly” and to “mend” those gadgets which appeared to be 
working incorrectly. The incident began with the two children choosing to explore 
the DICE gadget shown in Figure 1. 

We shall present and analyse the episode in four slices, each illustrating a salient 
issue supported by excerpts from the children’s discussions, and postpone discussion 
until the subsequent section. The first slice is taken from the children's work as they 
first began to explore the DICE gadget. Sophie and Jackie were trying to make sense 
of how the dice behaved. They were activating the dice using various strengths and 
sometimes repeating the last strength to gain a feel for the outcomes. At this stage, 
the children were working at top level, not yet having been introduced to the various 
tools such as the workings box. ( Researcher refers to the first author of this paper.) 

Slice 1. “You can *t tell what comes next ” 

1. J: Shall we try it a few times? Three 

2. Both: Six 

3 . S: Shall we do it again. There it goes. 

4. J: Six. Is it Six again? First it was Three and now it was... 

5. S: It might be Three now. , . 

They click again and the dice lands on Three . 

6. Simultaneously , J: It is. S: Yeah, It is! 

7. J: Three again. To Sophie: It might have heard you! 

Clicks again and the dice lands on number four 

8. J: Four. Something different almost all the time. 

They click again and the dice lands on number one 

9. S: One 

10. J: A bit strange, that. 

11. S: It’ll probably be another One then a Four. I doubt it though. 

They click and the dice lands on number one 

12. S: It is actually Click again I wonder if it’s going to be a Four again. It’s a bit of a 
coincidence if it is. 

So Sophie and Jackie expected not to be able to predict the next outcome (although 
they had some success - line 6!). And they have some sense of the distribution, 
however murky, as evidenced by Sophie's comment on line 11. An important 
criterion for Sophie and Jackie of “working correctly” was that the outcome could 
not be regularly predicted. We take this as evidence that one meaning for 
randomness held by Sophie and Jackie is unpredictability. 

Slice 2: “They should all be the same really ” 

Slice 2 took place shortly after slice 1 and began by an observation that no fives nor 
threes had been generated and that sixes were quite frequent. At this point, the girls’ 
attention was drawn to the workings box, which had until then been ignored. The 
children noted that there were indeed more sixes in the workings box and continued 
with repeat 50 [click dice] in order to view the result of fifty dice throws. The 
graphing tool, which displays in pictogram form the outcomes in the results box (see 
Figure 2), brought the predominance of sixes into focus. 

13. S: Points at the graph (see Figure 2) Woa. There are more Sixes. Yeah. There 
definitely are more Sixes. I don’t think the dice is working properly. 

14. J: Yeah. It should be around the same for each of them. The Fives and the Threes are 
the same but .. 

15. Researcher: Right. Right. And what about the others? Do you feel they’re OK. - the 
One, Two, Three, Four, Five? 
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16. S: Don’t think they are. I think they should all be the same really. 

17. J: Yeah. I think, Threes, Ones and Fives are OK. 

18. S: Yeah 

1 9. J: ...and the Twos are sort of OK., yeah, but it’s the Fours and the Sixes that are a little 
bit over the top. 

20. S: Well, the Fours - the Sixes have got too many and there’s ones that haven’t got 
enough. 



6 
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Figure 2 : The graphing tool 
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Figure 3: A fair dice? Sophie and Jackie have 
amended the workings box 



The graph confirmed for them, even though the evidence was quite limited, that the 
dice was not working 'properly'. However, they not only saw problems in the 
number of sixes but also in the frequencies of some other scores. Sophie and Jackie 
decided at this point to set about ‘mending’ the DICE gadget. They edited the 
workings box and, after 50 trials, generated another graph (Figure 3). 

From our point of view, we see this situation representing a fair dice because we 
focus on the workings. However, Sophie and Jackie’s reaction to the graph indicates 
how differently they understood the situation. 

They point to the row of Fives and Fours 

21. J: It’s a bit better there. 

22. S: But we haven’t got enough Sixes now. 

23. J: Yeah. 

24. S: And also there’s too many Fours. 

25. J: If we added one more Six on to the em ... 

26. S: Yeah. But still, Fives and Fours are too many, though, aren’t they? 

27. J: Yeah. They need to be a bit less. But you can’t make them less, can you! (Sophie: 

No) ... cos then there’d be nothing. 

28. S: Unless you take one away No, because there isn’t any more to take away. 

They return to the workings box, add another six. 

Their focus was on the results, which were more salient for them than the workings 
as a means for understanding what we would call the distribution of the outcomes. 
The girls’ intuition was to correct for the discrepancy between the number of times 
different scores had occurred by adjusting the workings accordingly. The girls then 
iterated, three times in all, through a process in which they amended the workings 
box 1 , repeated fifty clicks, looked at the graph and changed the workings box 
accordingly. Sophie’s and Jackie’s intuitions suggested to them that fairness should 
result in equal, or very nearly equal, frequencies for each possible outcome (e.g. 
line 26). So the workings were used as an input tool; a change in the workings 
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caused a change in the graph but it was the graph which validated the fairness or 
otherwise of the dice. 



The first two slices through this episode illustrate how the expressive domain 
enabled the children to hold their intuitions open to scrutiny through the window of 
1 the workings box, how the children’s intuitions shaped their tool use. However, the 
next slice illustrates the reverse process: how the children’s intuitions were 
themselves being shaped by the structuring resources in the domain. 



Slice 3: “It's not necessarily not working properly ” 

Slice 3 took place shortly after the above three attempts to modify the workings. The 
girls had just been discussing the meaning of choose-item. The researcher decided 

to make explicit connections between an everyday dice and the DICE gadget. 

29. Researcher: OK. If you threw a real dice, fifty times - OK. -like you’re doing - What 
do you think might happen? - If it was an ordinary, fair dice - What do think would 
happen, if you did it that number of times? 

30. S: Well, I think - 1 don’t even know - 1 don’t think it would turn out so that it’s all the 
same because you can’t say, well, - If it’s fair - that it’s gonna turn out all the same. 
Because if it’s fair, then it’s gonna be random, so ... 

31. J: I think it would be like unim, quite fair, but it wouldn’t be exact. 

32. Researcher: Right... 

33. S: You wouldn’t be able to say well, it’s gonna be so many Sixes - There’s gonna be 
eight Sixes, there’s gonna be eight Fives, eight Fours, eight Threes. 

34. Researcher: Right... 

35. J: You might have like, ten of ... 

36. Researcher: Right. So in your workings at the moment that you’ve got, do you think 
that’s a fair situation that you’ve - the way you’ve written the workings? You’ve 
written ‘choose-item One, Two, Two, Three, Three, Four, Five Six, Six.’ 

37. S: No. 

38. J: No. Maybe we should do like two of everything. 

39. S: Or one of everything. Because otherwise it’s not gonna be fair, is it? 



Sophie and Jackie modified the 
workings box (Figure 4) in accordance 
with Jackie’s suggestion in line 38. 
However, the above discussion had 
emphasised a connection between the 
workings box and fairness, as opposed 
to a connection between the graph and 
fairness. An immediate reaction was 
again to be concerned that there were 
too many fours and twos. However, 
such concerns were cut short by 
Sophie’s pivotal insight. 

40. S: I’ve just thought of something. It’s 
not necessarily not working properly, 
because it’s got to be random, hasn’t it? 




Figure 4 : Implementing Jackie's fair dice. 



Sophie recognised that fairness in the workings box did not necessarily imply 
fairness in the data. Random behaviour may result in variation between the 
frequencies of different results even when the dice is fair. Sophie’s assertion needed 
O eking as we see in the next slice. • ? 
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Slice 4: “No patterns in outcomes ” 

Slice 4 took place towards the end of the episode with the dice gadget. By this stage, 
and after much experimentation, Sophie and Jackie had mended the DICE gadget by 
editing the workings to read: choose-item [1 2 3 4 5 6]. They were now 
checking whether the dice really was working properly. They referred to the results 
box, which simply contains the history of their interactions with the DICE gadget in 
the form of a list of outcomes. 

41. J: We could have a look at this (points to the list of numbers in the ‘results’ box). 

42. S: The results 

The fifty results were listed in a box called RESULTS . Sophie and Jackie scrolled 
through the list. 

43. J: It looks about normal. 

44. Researcher: What do you mean when you say that? 

45. J: It looks quite random - because they're not all in groups or anything. 

46. S: In quite a bit there’s like so many Twos together or so many Fours or whatever, but 

it definitely looks random. It doesn’t look as if they’ve got all the Ones at the top or the 
Twos or the Threes 

47. Researcher: Right. There’s no obvious pattern to it. 

48. J: No. 

What Sophie (line 46) and Jackie (line 43) seem to be saying is that there is no 
obvious pattern in the results, and that this makes it "random” (line 45) or "normar 
(line 43). This assertion (that a lack of pattern is an aspect of random behaviour) is 
seen as consistent with their earlier assertion that fairness in the workings box does 
not necessarily imply fairness in the data, another attribute of random behaviour. 

Discussion 

For Sophie and Jackie, fairness and randomness were closely related, although, as 
we have seen, these notions became disaggregated as they worked with the 
microworld. We were able to observe three aspects of Sophie’s and Jackie’s 
intuitions about fairness which undeipinned their thinking: 

° if the dice is fair, you can’t tell what comes next; 

• if the dice is fair, there are no obvious patterns in the sequence of results: 

• if the dice is fair, the different outcomes should be equally, or nearly 

equally, distributed. 

If we are to make sense of how these meanings were re-shaped during the activities, 
we need to ask how Sophie and Jackie knew these things. It seems helpful to view 
these kinds of intuitions in terms of basic sense-making devices for interpreting 
stochastic phenomena — what diSessa (1983) has called phenomenological 
primitives, or p-prims, abstracted directly from everyday experience. One feature 
of p-prims is that they have attached to them coefficients or priorities, which 
determine which p-prims are activated under any particular set of circumstances. 
The reliability' priority is particularly important here; p-prims, which prove to be 
consistent with other p-prims and with further incoming data, have their reliability 
priorities increased. 

Viewed in this light, Sophie and Jackie make sense of the dice situations with a 
loosely connected set of p-prims around the notion of fairness, activated by 
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associated p-prims concerning unpredictability, a lack of pattern in results, and an 
expectation that results would appear roughly equally distributed. These, we might 
imagine, are abstracted directly from experience with dice and other kinds of 
random generators (like cards) during informal games playing. 

These meanings are insufficient as ways of making sense of randomness. They allow 
a data-oriented view of the world, where Kahneman and Tversky’s heuristics and 
Konold’s outcome approach can flourish. Such everyday experiences do not 
normally afford opportunities for the construction of p-prims relating to the 
distributional features of stochastic behaviour. We have charted how Sophie and 
Jackie developed new meanings for fairness through their interactions within the 
microworld. The four slices taken as a whole illustrate how Sophie’s and Jackie’s 
existing intuitions about fairness, often based on actual outcomes, are co-ordinated 
with new meanings, derived from interacting with the workings box, representing 
the theoretical distribution. Far from seeing data-oriented intuitions of fairness as 
some sort of misconception, we see these primitive meanings as foundational 
knowledge for the emergence of new, perhaps more sophisticated, meanings. 

We speculate that the interactions within the microworld provided exactly the sorts 
of control and feedback which everyday experience omits. The key point is that the 
children could explicitly manipulate formal, textual representations of the 
distribution (in the form of the workings box) and connect the information so 
generated with informal pieces of knowledge generated by direct manipulation of 
the system, and existing intuitions. Fragile connections were quickly supported (or 
refuted) by evidence allowing a re-structuring of the system of p-prims. It is t worth 
acknowledging that the collection of p-prims is still likely to be weakly structured; 
Sophie and Jackie will need many such carefully designed experiences before we can 
hope for the emergence of expert-like knowledge. This incident with Sophie and 
Jackie offers though a glimpse of what sorts of experiences are likely to be effective. 

We are struck by the ways in which the detailed structure of the tools available (the 
grapher, the dice, the results box etc.) and the connections forged and used between 
them, became important in their own right to the children’s sense of the situation. 
Here the specificities of the environment are crucial: the objects and relationships of 
the microworld were carefully planted precisely so that they could support the 
forging of mathematical meanings in use. Elsewhere (see Noss and Hoyles, 1996) we 
have called this process webbing , the ways in which the internal and external 
resources support the learner in forging new connections, new meanings during 
activity. In Sophie and Jackie’s case, the resources of the microworld which proved 
crucial were, among others: 

the repeat primitive, which supported a move towards aggregation of 
results; 

the graphing tool which supported the visualisation of the results in terms 
of qualitative variations (e.g. there were too many sixes); 

choose-item, the primitive we designed to articulate explicitly the 
notion of random choice among a set of numbers; 

4 





0 the workings box, which provides a living representation of the 
distribution (or, at least, a way of thinking about the distribution). 

So what did the two children learn? It would be presumptuous to argue that they 
abstracted the mathematical relationships between randomness, fairness, and the 
underlying distribution. What we can assert is that Sophie and Jackie articulated 
some of these relationships within the context and with the expressive power which 
the tools afforded. These situated abstractions — 'y° u can't tell what comes next' 
(slice 1); 'It looks quite random - because they're not all in groups or anything' 
(slice 4); 'If it’s fair - that it’s gonna turn out all the same' (slice 3). In each case, the 
student is saying something about the structure of the situation, something which 
simultaneously points to its underlying relationships but situated within the setting of 
the results table, the graph. They are abstractions which are at once powerful 
expressions of the mathematics they see, but firmly embedded within the system at 
hand for expressing it. 

Sophie and Jackie evolved their thinking to incorporate and co-ordinate both data 
and distributional oriented meanings for fairness and randomness. Note how we are 
expressing this shift: we stop short of saying that they saw the mathematical 
structures differently (they may, of course have done so), but we can be sure that 
they had different, new ways of expressing what they thought, and that this evolved 
during the activities. In some ways, this is analogous to what happens when we 
become sufficiently inculcated into mathematical discourse to appreciate the Laws of 
Probability. It is then that we recognise a formal expression, to complement our 
informal intuitions of the stochastic. It seems that many people never achieve this 
fusion. We do not, of course, claim that we have observed Sophie and Jackie doing 
any such thing: the abstraction that Sophie and Jackie have made was forged through 
interaction with the very particular tools available in the microworld and so carries 
the hallmark of those tools. Theirs is a situated abstraction, powerful within its 
limited domain of application, but also in its unrealised potential as an internal 
resource capable of further webbing in the future. 
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LEARNING OBSTACLES IN DIFFERENTIAL EQUATIONS 
Chris L. Rasmussen , Purdue University Calumet 



This study investigated six students' understandings of and difficulties with 
qualitative and numerical methods for analyzing differential equations. From 
an individual cognitive perspective , the following obstacles were found to 
influence the development of students' understandings: the action-process- 
object dilemma , the tendency to overgeneralize , interference from informal or 
intuitive notions, and the complexity involved with graphical interpretations. 
From a sociocultural perspective, students' understandings were influenced by 
instruction that did not seek out students' explanations, classroom interactions 
that implicitly established procedure-based mathematical justifications, and the 
use of technology that was disconnected from the learning process. 



The typical engineering or physical science student in the United States begins 
his or her university studies in mathematics with a year of calculus, followed by 
differential equations in the second year. In the past decade there has been a 
nationwide effort to revitalize the calculus curriculum and its instruction, but less well- 
publicized and far less well-researched are the changes occurring in content, pedagogy, 
and learning of differential equations. Several recent curriculum reform efforts in 
differential equations are decreasing the traditional emphasis on specialized techniques 
for finding exact solutions to differential equations and increasing the use of computing 
technology to incorporate qualitative and numerical methods of analysis. Prior to these 
reform efforts, the typical differential equations course did not use technology for 
instruction or problem solving and mainly emphasized analytic techniques for finding 
exact solutions to well-posed problems. 

Research on student understanding of differential equations, however, has 
lagged behind these reform efforts. This is problematic as curricula developed without 
the link to research into student thinking is likely to less effective than curricula that 
take student cognition into consideration. To date, there is very little published 
research on student understanding in differential equations. Artigue (1992) investigated 
first year French university students* understandings and difficulties with qualitative 
analyses of first order differential equations. Soli s (1996) described the framework 
and theoretical background for a future study that examines how students might use 
visual and analytic modes of thinking about linear differential equations. Except for 
these two studies, the vast majority of published reports in the United States have been 
expository or descriptive in nature. The purpose of the study reported here was to 
examine students* understandings of and difficulties with qualitative and numerical 
methods for analyzing differential equations and to identify the factors that shape these 
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understandings and difficulties in one such approach to reform. For new areas of 
interest, such as differential equations, the identification and description of the 
difficulties students have is an important first step for research into student learning. 

Theoretical Orientation 

The theoretical orientation employed in this study is based on the emergent 
perspective (Cobb & Bauersfeld, 1995). This framework strives to coordinate the 
individual cognitive perspective of constructivism (von Glasersfeld, 1995) and the 
sociocultural perspective based on symbolic interactionism (Blumer, 1969). 
From this viewpoint, mathematical learning is considered to be “both a process of 
active individual construction and a process of enculturation into the mathematical 
practices of the wider society” (Cobb, 1996, p. 35). The study also draws on the work 
of Herscovics (1989) and his description of the various cognitive obstacles associated 
with learning algebra. Herscovics described three kinds of obstacles: epistemological 
obstacles, obstacles associated with the learner’ s process of accommodation, and 
obstacles induced by instruction. The later two he termed “cognitive obstacles” and he 
noted that “just as epistemological obstacles are considered normal and inherent to the 
development of science, so should cognitive obstacles be considered normal and 
inherent to the learner’s construction of knowledge” (p. 61). 

Herscovics used Piaget’ s theory of equilibration to frame and relate his 
discussion of the cognitive obstacles associated with the process of knowledge 
construction and those induced by instruction. Although this is a good start, different 
theoretical perspectives are needed when considering these two types of cognitive 
obstacles. This is where the emergent perspective comes into full view. From the 
individual cognitive perspective, a constructivist theory of learning is used as a lens to 
examine the difficulties encountered by individual learners. However, when viewing 
the obstacles induced by instruction, the sociocultural perspective is more appropriate. 
As Cobb (1996) notes, the particular perspective “which comes to the fore at any point 
in an empirical analysis can then be seen to be relative to the problems and issues at 
hand” (p. 35). 

In order to clarify these two cognitive obstacles described by Herscovics and the 
different theoretical perspectives used in the analysis, the terms “individual cognitive 
obstacles” and “sociocultural cognitive obstacles” are used. The difficulties that 
students have can be viewed with either of these lenses. In fact, it is most likely the 
case that a combination of these obstacles comes into play at any one time and no one 
lens is entirely appropriate. However, for the purposes of discussion, individual and 
sociocultural cognitive obstacles are discussed separately. 

Method 

Qualitative research methods were used to investigate the understandings and 
difficulties of six students in an introductory course in differential equations for 
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scientists and engineers at a large mid-Atlantic university in the United States. The six 
students who participated in the study were part of an intact class of approximately 18. 
The class met for three 50-minute lectures per week in a room with no computer 
resources. Elementary Differential Equations by Boyce & DiPrima and a computer 
supplemental text Differential Equations with Mathematica by Coombes, Hunt, 
Lipsman, Osborn, & Stuck were the course texts. This was not an experimental 
section, but rather the typical configuration for this course. 

Data included transcripts from, four semi-structured individual interviews with 
the six students, instructor and other mathematics department faculty interviews, 
copies of students’ quizzes, exams, computer assignments, and an end-of-the-semester 
questionnaire administered to all students in the target class as well as to students in 
six similar sections of the course. I also attended and audio-taped every class session. 
Audio-tapes were used to supplement my fieldnotes. As Schoenfeld (1992) points out, 
“if we are to understand how people develop their mathematical perspectives, we must 
look at the issue in terms of the mathematical communities in which students live and 
the practices that underlie those communities” (p. 363). A modified version of analytic 
induction (Bogdan & Biklen, 1992) was used to analyze the data. 

Each of the four interviews consisted of three to five problems, all of which 
were reviewed by two mathematicians for validity and appropriateness. Students were 
asked to “think aloud” as they worked through the problems. Since the purpose of the 
interview was to explore students’ understandings and difficulties, a semi-structured 
interview format was used. Students were frequently asked, “Why did you do ...?” or 
“How would you explain to another student why ...?” None of the problems required 
the use of Mathematica, but most of the problems made use of previously generated 
output from Mathematica. In this way, I was able to gain insight regarding students’ 
understandings of the computer output without the frustrations students often 
encounter with syntax. 

Sample Results and Discussion 

Two of the goals of the computer supplement were to guide students into a more 
interpretive mode of thinking and to enhance students’ ability to perform qualitative 
and numerical analyses of differential equations. The instructor’ s numerous comments 
in lecture about the positive role of graphical and numerical methods of analysis 
reveals that he views these as worthy goals. The student interviews suggest, however, 
that these goals were less than adequately achieved. For example, students had 
difficulty making important conceptual, symbolic, and contextual connections to the 
various graphical representations used to visualize solutions to differential equations. 
Some qualitative and numerical methods of analysis were learned in isolation from 
other aspects of the problem and the concept of stability and its connection to the 
reliability of numerical methods was not well understood. These difficulties, among 
others, are interpreted in terms of individual and sociocultural cognitive obstacles. 
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Individual Cognitive Obstacles 

The following individual cognitive obstacles help to frame and make sense of 
students’ difficulties: the action-process-object dilemma, the tendency to 

overgeneralize, interference from informal or intuitive notions, and the complexity 
involved with graphical interpretations. The first three of these are subsequently 
discussed. For a more complete discussion, see Rasmussen (1997). 

The action-process-object dilemma refers to an individual’ s struggle in moving 
toward more complex ways of thinking about a particular concept. Roughly speaking, 
an action is an external transformation of mathematical objects that is performed by an 
individual according to some explicit algorithm. A process conception comes about 
after an internal construction is made that performs the same action, and an object 
conception is held if it is possible to perform actions on processes, in particular actions 
that transform them (Dubinsky & Harel, 1992). 

In the graphical setting, students tended to think of a differential equation as 
something for which you find constant solutions for by calculating when the derivative 
is zero. More specifically, Students could find the equilibrium solutions and even 
classify them as stable or unstable by sketching in “test” curves, but they did not think 
of these additional test curves as solutions to differential equations. In order to 
conceptualize all of these curves as solutions to differential equations, one needs to be 
able to conceive of the solutions without actually computing them. In other words, 
students lacked a process conception of differential equations. 

Students’ tendency to overgeneralize algebraic operations like the distributive 
property and operations like differentiation and integration are well documented in the 
literature. The interviews with students in differential equations revealed several 
specific instances of this tendency to inappropriately generalize as well. For example, 
in a direction field-differential equation matching activity, students tended to 
overgeneralize the notion of an equilibrium solution by looking for vectors pointing 
along the curve for which the derivative was equal to zero. 

Another instance of an inappropriate generalization occurred when students 
were asked to use a given direction field to sketch what they saw as the exact solution 
to an initial value problem as well as the Euler method approximation. The 
approximate solution curves they sketched tended to simply follow the same overall 
pattern of their exact solution with no regard to the direction field. On the one hand, 
this suggests that they learned to carry out the algorithm without fully understanding 
what the symbols referred to. This may have roots in instruction that emphasized 
procedural competency over conceptual understanding. On the other hand, the Euler 
method sketches may be a result of an overgeneralization notion that approximate 
solutions always just follow the exact solutions. This inappropriate overgeneralization 
has important implications when the reliability of a numerical method is considered. 
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Regarding interference from informal or intuitive notions, several of the 
interview problems revealed that students had an inappropriate notion of stability. In 
particular, students tended to associate stability with regularity and predictability: 
much like that of a stable home environment. For example, one student incorrectly 
thought that the direction field for dy/dx = (2 y - 5x + 3)/(x +1) typified stability 
because “all the solutions are going in the same direction. They are all increasing and 
then at some point starting to decrease, so you’ d say they are stable.” In contrast, 
instability was associated with wildly different and unpredictable behavior. This 
inappropriate (but reasonable from an informal viewpoint) concept of stability also has 
serious ramifications when considering the reliability of numerical methods. 

In some ways, students’ notions of stability are similar to the well-documented 
misconception that graphs of functions are necessarily smooth and without abrupt 
changes or other irregular behavior. Students tended to think that solutions to 
differential equations (which are functions, after all) behave in ways that are not too 
strange. This is most definitely not the case for nonlinear differential equations. For 
example, in the first problem of the second interview, students were provided with the 
direction field for the nonlinear differential equation dy/dx = y(x - y) and asked to 
describe how the limiting behavior depends on the initial point in the (x, y) plane. It is 
intuitively appealing, yet incorrect, to think that solutions that hint at asymptotic 
behavior continue that behavior. This intuitively appealing idea even led the famous 
mathematician Smale astray. According to Gleick (1987), Smale “proposed that 
practically all dynamical systems tended to settle, most of the time, into behavior that 
was not too strange. As he soon learned, things were not so simple” (p. 45). 

Sociocultural Cognitive Obstacles 

In the preceding section, individual cognitive obstacles (or factors) that helped 
shape students’ difficulties were summarized. These obstacles provided insight into 
the development of students’ understandings and helped frame specific difficulties. 
The picture is incomplete, however, without an analysis and discussion regarding the 
role of instruction in the learning process. 

Regarding the role of technology, most students felt that Mathematica was 
disconnected from the course and, although they liked the aspects of visualization, they 
felt it did not contribute much to their overall understanding about differential 
equations. One of the students in the study expressed a common sentiment when he 
referred to the Mathematica projects as a “one time thing.” Like many of the other 
students, he just wanted to get the syntax down and move on and do his learning 
elsewhere. This disconnect between the Mathematica assignments and the rest of class 
has instructional roots. Despite the fact that the computer assignments counted for 20% 
of the grade, Mathematica outputs were rarely discussed in class and, although the 
instructor made references to Mathematica, it wasn’ t used in any direct way in lecture 
to assist learning. Mathematica was peripheral to the course and, in most cases, 
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peripheral to students’ understandings. In this regard, we have to see the use of 
technology as problematic. 

It is a bit naive, however, to simply cite the instructor for not integrating 
Mathematica more thoroughly into the learning process. Besides the typical barriers 
that instructors face when attempting to incorporate technology into the curriculum 
(e.g., time, availability, experience, beliefs and values, etc.) there are influences 
outside the classroom that led to the current state of implementation, or lack thereof. 
Although it was policy that Mathematica be used in all sections of the course, 
additional support to consider and develop effective means to integrate technology into 
instruction was not provided. Partly as a result of this lukewarm embrace, the 
computer supplement was instituted in a way that required little or no faculty 
investment. One may argue that this path of least resistance was a wise choice, for 
otherwise it may not have been implemented at all. That may be so, but this path does 
not appear to have had the intended effect on students’ understandings. In a sense, the 
preceding discussion can be framed in terms of external cultural influences on the 
microculture of the classroom, which, in turn, had ramifications on students’ 
mathematical understandings. 

Just as it is too simplistic to look solely towards the instructor for the manner in 
which technology is or is not integrated into the classroom, it is naive to think that all 
modes of integrating technology in the classroom will significantly affect students’ 
understandings. How would, or rather could, the integration of technology affect 
students’ learning? To begin to address this, the mathematical discussions that went 
on in the target classroom without technology are considered. The assumption is that 
understanding current instructional practices without technology will help inform future 
instructional practices with technology. 

From the sociocultural perspective, classroom interactions and the discourse 
students participate in constrain and enable the development of mathematical 
understandings. In the class under investigation, interactions were typically one 
directional— the instructor talked and the students (presumably) listened. Schoenfeld 
(1988) describes how this type of instruction typically leads to the belief that only the 
very bright are capable of creating mathematics or really understanding mathematics. 
As a corollary, students must then accept what is passed down from above with the 
expectation that they can make sense of it for themselves (p. 151). The students in this 
study demonstrated the belief that mathematics must just be “accepted” on several 
occasions. 

It is also informative to consider examples of classroom interactions that 
involved exchanges between the instructor and students. The vast majority of such 
exchanges can be characterized as “question asked-question answered.” The instructor 
was respectful of students’ questions, but they were not used as a springboard for 
further discussion or mathematical development. The point is not to denigrate the 
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instructor’ s intentions, but rather to shed some light on the mathematical activity and 
discussion that is a factor in the development of students’ understandings. 

For example, when covering the linearization of the system of differential 
equations that model the behavior of the pendulum, the instructor drew a picture of the 
situation, noted the variables involved, wrote down the nonlinear differential equation, 
calculated the Jacobian, and concluded that the linearization is x' = y and y = -x. One 
of the students in the study then asked, “How did you get the x' = y and y* = -xT The 
instructor’s response was, 

Instr: Because that’ s the rule. Remember that the linearized system is x' = Ax + By 
and y = Cx + Dy and the partial of G with respect to y is 0 and the x' is already 
linear so you don’t have to touch it. 

Unfortunately, we never get to find out what this student’ s real question is. Is it a 
conceptual question? Is he just having trouble following the procedure? We don’ t 
know. The results from the fourth interview do suggest, however, that students don’ t 
understand the notion of linearization much beyond being able to do it. We also know 
that the instructor’ s response was accepted as sufficient justification and sheds some 
light on what it means to understand mathematics in this course. Besides capturing this 
procedure-based approach, the preceding exchange illustrates the implicit acceptance 
of those involved regarding what counts as an acceptable mathematical explanation 
and justification. The response, “Because that’ s the rule,” to Robert’ s question was 
accepted as a mathematically sufficient justification. Such implicitly established norms 
are referred to as “sociomathematical norms” (Yackel & Cobb, 1996). 

Conclusions 

Educational research in the teaching and learning of undergraduate mathematics 
is a relatively recent phenomenon and the topic of differential equations is even newer. 
As with the start of many new areas of research, a firm grounding regarding students’ 
conceptions is an essential component for future curricula and instructional 
approaches. The information gained on students’ understandings is one of the 
strengths of this study. This study did more than simply document students’ 
difficulties, however. The emergent theoretical perspective was used as a means to 
understand and interpret these difficulties. Understanding the nature of students’ 
difficulties is the first step to thoughtful instruction and curricula designed to help 
students through the difficult process of constructing new knowledge. Lastly, 
technological advances continue to offer opportunities to rethink and reorganize what 
and how we teach. 
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IMAGES AND DEFINITIONS FOR THE CONCEPT OF 
INCREASING / DECREASING FUNCTION 



Shakre Rasslan Shlomo Vinner 

Oranim School of Education, Israel Ben - Gurion University, Israel 



ABSTRACT 

Definitions and images , as well as the relation between them of the increasing / 
decreasing function concept , were examined in 180 Israeli Arab high school students. A 
questionnaire was designed to explore the cognitive schemes for the increasing / 
decreasing function concept that becomes active in identification problems. One of the 
research questions aimed to check whether the students knew to define the concept of 
increasing/ decreasing function. Another question was whether the students knew how to 
apply the definition of the concept for specific functions. A third question investigated 
whether the students knew that the increasing / decreasing property was local and not 
global. The results show that 68% of our sample knew the definition , but only between 
36% to 64% of the students knew how to apply it. 

This study examins several aspects of the images and definitions that junior high 
school students have regarding the increasing / decreasing function. Concept images and 
concept definitions (henceforth called images and definitions) have been discussed in 
detail in several papers (Vinner & Hershkowits, 1980; Tall & Vinner, 1981; Vinner, 
1983; Vinner & Dreyfus, 1989: Vinner, 1991; Rasslan & Vinner, 1997). We will 
therefore introduce them here very briefly. All mathematical concepts except the 
primitive ones have formal definitions. Many of these definitions have been introduced to 
high school or college students at one time or another. The student, on the other hand, 
does not necessarily use the definition when deciding whether a given mathematical 
object is an example or a nonexample of the concept. In most cases, he or she decides on 
the basis of a concept image, that is, the set of all the mental pictures associated in his / 
her mind with the name of the concept, together with all the properties characterizing 
them. 

The concepts of the increasing as well as the decreasing function are central in the 
chapter about functions and their graphs. In many countries, including Israel, the chapter 
on functions and their graphs is taught in the ninth grade. The topic is mentioned again 
and again in high school courses and elementary college courses (pre-calculus and 
calculus). In most mathematical textbooks one can find definitions such as the following: 
A function f is said to be increasing on the interval I if for every two numbers Xj, x 2 in I: 
x j < x 2 implies f(x } ) <f(x 2 ). A function is said to be decreasing on the interval if for 
every two numbers x h x 2 in I: x } <x 2 implies f(x } ) > f(xf). (Salas and Hille, 1974, p. 
122). These definitions are algebraic, formal, rigorous and general. 

Sometimes, in order to present a new concept, authors of mathematics textbooks limit 
themselves first to a "special case" which is supposed to illustrate the rigorous 
definition. Simple examples of concepts can be found in these textbooks such as 
derivative, even / odd functions, and increasing / decreasing functions as well. The 
"special case" in our instance was the power function of the form f(x) = x n where n is 



natural. The definitions of the increasing function or the decreasing /unction concepts 
were examined rigorously by observing the even power function of the form f(x) = x n 
where n is even and the odd power functions of the form f(x) = x n where n is odd. The 
“special case” approach frequently causes serious difficulties in the formulation and the 
application of concept definitions (Rasslan, 1996; ; Rasslan and Vinner, 1997; Vinner 
and Dreyfus, 1989). In a previous study (Ben David, 1986), where a close observation 
was made in a 10 th grade class, it was found that in the mathematical textbook the 
universal quantifier “for every x ls x 2 ” was missing from the definition of the increasing / 
decreasing function concept. It was also found that there seemed to be a tendency among 
high school students to use as a definition of the concept increasing / decreasing function 
specially the verbal definition “If x increases y increases then the function increases” and 
“If x increases y decreases then the function decreases”. It was found also that there 
seemed to be a tendency among high school students to link the increasing / decreasing 
function concept with positive / negative elements. Six students out of 26 showed this 
tendency. They tended to think that a function increases in a certain domain where the y 
values are positive (f(x) > 0) and a function decreases in a certain domain where the y 
values are negative (f(x) < 0). We were curious to see whether the “ positive for 
increasing” or / and “ negative for decreasing” misconceptions would be found in a larger 
and more heterogeneous sample. 

In another study (Vinner, 1991) it was found that for a considerable percentage of 
students (29%) at certain university, defined the increasing function concept by using the 
above literal definition. It was found also that 30% of the students at that university had 
defined the increasing function concept by using the formal definition but the universal 
quantifiers “for every X \ , x 2 “ were missing. 

Many of the difficulties students have with mathematics are a result of communication 
failure. The pseudo-conceptual behavior and the concept substitute phenomenon 
discussed in detail in several papers (Vinner, 1997; Vinner, 1994; Rasslan and Vinner, 
1997; Rasslan & Vinner, 1995) are examples of such a failure. The pseudo-conceptual 
behavior might give the impression that such behavior is based on conceptual thinking 
but, in fact, it is not. 

The criterion as a concept substitute is a special case of the concept substitute 
phenomenon. The concept substitute is a common tendency in many students to avoid 
concepts. It is a typical class situation in which students have to face concepts. This is 
seen, when the teacher asks them "What is ...?". This study investigated the following: 

1. What are the common definitions of the increasing / decreasing function in a certain 
domain concept given by high school students? 

2. What are the main images of the increasing / decreasing function in a certain domain 
concept that these students use in identification tasks? 

3. What are the main misconceptions that these students have according to the increasing 
/ decreasing function concept? 

METHOD 

Sample 

Our sample comprised six classes of Israeli Arab students, three classes of 10 graders 
and three classes of 1 1 th graders. The total number of students was 180. 
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The Questionnaire 

The Questionnaire in figure 1 was administered to all subjects in the sample. 
Questions 1 through 3 were designed to examine some aspects of the increasing / 
decreasing function images of the respondents, whereas Question 4 was designed to 
examine their definitions. Questions 1 and 2 were designed to examine the ability to 
reason and the ability to apply the definition of the increasing / decreasing function 
concept. Question 3 was designed to examine whether the students realized that 
“increasing / decreasing’" is a local property of a function and not a global one. We 
believe that no special preparation is required in order to answer these questions; only an 
understanding of the basic mathematical language is needed. Such an understanding is a 
necessary condition to any mathematics lesson. 



1. In the following figures, 4 functions and their graphs are given. Which one of these 
functions increases everywhere? Explain your answer. 



r x ' 



( 1 ) 




y=2 










► 



( 4 ) 



2. Which one of the functions in question 1 decreases everywhere ? Explain your answer. 

3. The following function is given: /; R —>R 

/oo = x 6 

Yussef said: the given function is increasing. 

Munir disagreed and said: Yussef s answer is wrong. The given function is decreasing. 
What is your opinion? Who is right, Yussef or Munir? Explain your answer. 

. In your opinion, what is an “increasing function in a certain domain”? 



Figure L The questionnaire 

Procedure 

The questionnaire was administered to the students in their classes. They were not 
asked to fill in their names, only their background information. It took them 25 minutes 
at most to complete the questionnaire. About 40 randomly chosen questionnaires were 
analyzed in detail by the two authors in order to determin the answer categories. On the 
bases of this analysis the rest of the questionnaires was analyzed by the first author. 



RESULTS 



The Definition Categories 

We categorized the students answers according to methods described elsewhere 
(Vinner, 1983; Vinner, 1989; Vinner & Dreyfus, 1989; Rasslan & Vinner, 1995; 1997) 
when dealing with other concepts (function, slope, even / odd function). We illustrated 
each category using a number of sample responses. 

Question 4 

Category I: An algebraic definition (with the use of the universal quantifiers) (1%) 
Example: An increasing function is one which satisfies: for every h >a,f(b) >f(a). 
Category II: A condition about the function derivative (3%) 



Example: An increasing function is a function whose derivative is positive. 

The students used here the derivative as a concept substitute. These students have the 
tendency to substitute the concept by working criterion (or mathematically by a sufficient 
condition). 

Category HI: Increasing means a positive slope (2%) 

Example: An increasing function is one whose slope is positive. 

This category actually is the visual version of the previous category (II). Here, the notion 
of a positive derivative was replaced by the notion of a positive slope. One of the 
meanings associated with the derivative concept is the slope of the tangent to the function 
graph. Some students spoke about the slope of the function instead of the slope of the 
tangent. It is not clear whether this is a result of tendency to use short expressions or is an 
indication of fuzzy ideas. 

Category IV: If x increases y increases (41%) 

Examples: 1. It is a function which satisfies the condition : Jfx increases theny increases , 
and if x decreases then y decreases. 2. Whenever the domain increases the range also 
increases, and whenever the domain decreases the range decreases . 

The use of short expressions instead of the formal definition of concepts has been 
discussed in detail in several studies (Rasslan, 1996; Vinner, 1991). These formulation 
present a dilemma to us as mathematics teachers. On one hand, we would like to use 
short expressions because it is a nuisance to repeat the full definition every time there is a 
need to clarify or to remind the concept. On the other hand, this might lead to a 
meaningless repetitions of short expressions which students easily pick up and use for the 
sake of their survival. 

Category V: A combination of a definition with a concept substitute (2 1 %) 

Examples: I. It is a function which satisfies that if x increases then y increases and its 
slope is greater than 0. 2. It is a function in which its slope and its derivative are positive 
a >0 and satisfies f(A) > f(B), A >B. 

These formulations present to us as mathematics teachers, a dilemma in addition to the 
previous one (Category IV). On one hand, it is possible that students who use dovetailed 
formulations want to demonstrate their knowledge. On the other hand, the students do not 
distinguish between the definition and its implications (More about this can be found in 
Vinner, Linchevsky and Karsenti, 1993). 

Category VI; Incorrect answers based on pseudo-conceptual mode of thinking (26%) 
Examples: I. It is a function under 0 or over 0. 2. It is a function in which the value of its 
element is greater than the value of its previous element f(x+I) > f(x). 3. It is a function 
which is under x axis . 4. It is a function in which its slope is positive and always under x 
axis. 5. It is an even function . 7% of the students did not answer the question at all. 

From the above categorization it turns out that at least 68% of the students (categories 
I - V) knew the definition of the increasing function concept. This might be considered as 
an extremely good result. However, if one takes into consideration the most striking fact 
that only 1% of our sample knew the formal definition and that students in categories II 
and III confused definitions with criterions for these definitions, and that students in 
category IV used short expressions which do not necessarily indicate satisfactory 
knowledge of the concept, then the entire picture is not so encouraging. About the rest 
(category VI, and those who did not answer the question), which are 32% of the students, 
we can claim that they did not know the definition of the increasing function concept. 



The Concept Images. Questions 1-3 

Various aspects of the increasing / decreasing function concept, as conceived by the 
students, were expressed in their answers to questions 1 to 3. Some of these aspects are 
given below: 

Question 1 

Category /: An explanation based on the right algebraic definition (with the use of the 
universal quantifiers) (1%) 

Example: The function which increasing everywhere is the function y = x 3 because it is 
satisfies the condition: for all b >a,f(b) >f(a). 

Category 11: An explanation based on the condition about the function derivative (5%) 
Example; 1. y - x 3 is always increasing because its derivative is positive. 2. y = x 3 is 
always increasing because its derivative y' — 3x 2 is positive and the power is even. 
Category III: Increasing means a positive slope (3%) 

Example: The function y - x 3 is a function in which its slope is positive. 

Category IV: If x increases y increases (27%) 

Examples: 1. y = x 3 is the function which satisfies the condition: if x increases then y 
increases and if x decreases then y decreases. 2. y - x 3 is the function which satisfies the 
condition: if the domain increases the range also increases, and if the domain decreases , 
the range decreases. 

Category V: A combination of a definition with concept substitute (21%) 

Examples: /. The function y = x 3 is the function which satisfies the condition: If x 
increases y increases and its slope is positive. 2. The function y = x 3 is the function in 
which its slope and its derivative are positive (a >0) and satisfies: f(A) >f(B), A > B. 3. 
The function y = x 3 is the function which satisfies the condition: If x increases then y 
increases and its derivative is always positive. 

Category VI: An explanation based on a well known family of increasing functions - The 
odd power functions (3%) 

Example: The function y - x 3 is increasing everywhere because it is an odd power 
function. 

Category VII: An explanation based on the visual arguments. (4%) 

Examples: 1. The fund ion is y « x 3 because it increases from down to up. 2. The function 
isy - X because it increases from left to right. 3. The function is y = x 3 because it passes 
from the third quarter to the first one. 

Category VIII: Right answers without explanations (12%) 

Example: The function which increases everywhere isy - x 3 . 

Category IX: A wrong answer or a non sensical explanation (22%) 

Examples: 1. The function which increases everywhere isy - x 4 because it is under the x 
axis. 2. The function which increases everywhere is y = x 3 . When x > 0 the function 
increases. 3. The function which increases everywhere isy = x 3 , because x is less than 0. 
4. The fund ion y = x 3 increases everywhere according to the law f(x) = -f(x) as well as y 
axis intersects the function. 

32% of the students in this category (13 students out of 40) linked between increasing 
and being positive. 2% of the students did not answer the question. 

From the above it follows that about 64% of the students (categories I-VII) know to apply 
the definition of increasing function concept. As to other 12% of the students (category 
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vni) we cannot claim this, but we also cannot claim the opposite. About the rest 
(category IX, and those who did not answer), 24% of our sample, we can claim that the 
increasing function concept is not clear to them. 

Question 2 

The categories of this question were supposed to be the same as in question 1. This 
was true in the majority of the cases. However, 7% of the students who gave a right 
answer without reasoning (category VIII) in question 1 gave a wrong answer in question 
2. It is another indication that a right answer without reasoning is not an indication of a 
true understanding of the concept as described elsewhere (Rasslan, 1996; Rasslan & 
Vinner, 1997; Rasslan & Vinner, 1995; Vinner & Dreyfus, 1989) when dealing with 
other concepts. Moreover, 1% of the students of our sample who answered question 1 
correctly gave a wrong answer to question 2. This happened when these two students 
used once again the short expression “If x increases theny increases ” in order to explain 
why a function is increasing. The second time they added: The function y ~ - x 3 decreases 
everywhere because x > 0. From the above, it follows that about 31% of our sample we 
can claim that the concept of decreasing function was not clear. 

Question 3 

Category I: The students understand that a function can increase and decrease in 
different domains (36%) 

Category 1 a : An argument related to the function derivative (8%) 

Example: Both are wrong . The function increases when x >0, f(x) - 6x S and decreases 
whenx <0. 

Category > The reasoning of the students is based on the general property functions of 

the type y - x n (where n is natural and even) increase when x > 0 and they decrease when 
x < 0 (7%) 

Example: This function increases in one domain and decreases in another domain 
because it is an even power function. Yussef s answer as well as Munir's is wrong. 
Category I g An argument based on the visual aspect of increasing / decreasing concept 
(21%) 

Examples: 7. The function increases when x > 0 and decreases when x < 0. 2. The 
function increases in R + and decreases in IT . 

Category II: The student draws a “parabola’’ or mentions the word “parabola” and refers 
to the parabola properties (19%) 

Examples: l. Both are wrong, because the function f(x) - x 6 is a parabola, the graph of 
f(x) — x similar to it and it is known that this function increases in x >0 and decreases in 
x <0. 2. This function increases in the domain x 0 and decreases in the domain x < 0 
because its graph is a parabola . 

Category III: Answers which can be considered as right but they lack specifications or 
explanations (3%) 

Example: Yussef is right, (he function increases and Munir is right; the function 
decreases. 

Category IV: A correct reference to a specific aspect of an increasing function with a 
failure to link it to the task (8%) 

Examples: 7. Yussef s answer is the right , y' - 6x s , it means that a >0. 2. The function 
increases because if x increases then y increases. 3. Yussef s answer is right because the 
slope of the function a >0, it means that the function increases in the domain f: R—>R. 
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Category V: A confusion between increasing and being positive (x 6 positive, x positive, y 
positive) (10%) 

Examples: /. The function increases because x is positive. 2. 1 agree with Yussef because 
the exponent is always positive. 3. Yussef s answer is right because x 6 > 0. 

Category VI: Incorrect answers based on erroneous understanding or an incorrect 
explanation or meaningless answers ( 1 6%) 

Examples: 1. In my opinion Yussef s answer is right . If we substitute x and multiply by 6 
the result increases. 2. Yes , Yussef because R is all the integer numbers. 3. Yussef s 
answer is right because if we substitute x by any number the number increases . 4. 
Yussef s answer is right because if we solve the function , it will be x = 6, (hen it 
increases , it does not decrease. 

7% of the students did not answer the question. 

From the above, it turns out that about 60% of the students in our sample (categories 
II, IV, V, IV and those who did not answer), we can claim that they did not know that the 
increasing / decreasing of a function is a local property and not a global one. About other 
3% of the students (category III) we cannot claim it, but we also cannot claim the 
opposite. As to the rest (category I), 36% of our sample we can claim with certainty that 
they knew that increasing / decreasing is a local characteristic and not a global one. 

When we discussed category IV in question 4 we claimed that the use of short 
expressions in the definition of increasing function in a certain domain is not necessarily 
an indication of convincing knowledge of the concept. Therefore, we examined the 
answers to questions 1 and 3 of these students who used short expressions in thier 
definitions of a increasing function (Question 4). We found out that 15% and 30% of 
them gave incorrect answers to questions 1 and 3, respectively. 

One of the goals of this research was to examine the tendency to link the increasing / 
decreasing function concept with being positive / negative. In the analysis of the answers 
to Questions 1 and 3 above, it turned out that between 7% - 10% of our sample had this 
misconception. 



DISCUSSION 

One of the goals of this study was to expose some common images of the increasing / 
decreasing function held by high school students. This has a direct implication for 
teaching. If one wants to teach the increasing / decreasing function to a group similar to 
our sample, it is important to know the starting point of the students (Rasslan & Vinner, 
1997, Vinner & Dreyfus, 1989). Taking into account the difficulties mentioned in this 
study, at least some doubts should be raised whether the “special case” approach to the 
increasing / decreasing function in a certain domain concept is the most effective way for 
teaching such a concept. The pool of examples introduced to the students should include 
many different examples. Only this may increase the chance that one example will not 
become a prototype and as such also a concept substitute. A similar conclusion was 
mentioned also by Vinner and Dreyfus (1989) according to Dirichlet-Bourbaki's 
approach to the function concept, and in Rasslan (1997, 1996) according to other 
concepts, such as the even / odd function concept. 
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WHY IS PROOF BY CONTRADICTION DIFFICULT? 
David A Reid 



Joann Dobbin 

Memorial University of Newfoundland 

Abstract: The reasoning underlying proofs by contradiction is less difficult than it is 
often thought to be. Children reason using contradictions in game playing and in 
checking conjectures. This suggests that the difficulties students have with standard 
proofs by contradiction in mathematics may arise from issues of emotioning, 
especially the need from which their reasoning arises. 

Barnard & Tall (1997) remind us that students often have difficulty with the 
standard proof that V2 is irrational. That students have difficulty with this proof is 
something that most teachers of upper level mathematics have seen. Barnard and 
Tall suggest a model of the reasoning involved in the proof which emphasizes the 
importance of collapsing concepts such as “evenness” into procepts. They 
conjecture that inability to reason at a proceptual level is the key to students’ 
difficulty with this proof. 

This may be so. It does not, however, address one assertion they make, that proof 
by contradiction is itself difficult and that students are “unfamiliar with the 
possibility of proving something true by initially supposing it to be false” (p. 43). 

In this paper we would like to argue that proof by contradiction is not all that 
difficult in terms of the reasoning involved, but that many standard proofs (such as 
the V 2 proof) are difficult because of the emotioning involved. 

Emotioning 

Antonio and Hanna Damasio (Damasio, 1994) examined cases of patients who 
suffered damage to their brains that left their intellectual capacities unchanged, yet 
kept them from functioning in a normal way. The Damasios conjecture that it is 
damage to these patients’ emotioning capacity, the capacity to care about the 
decisions they make, that is disabling. They point out that any decision we make is a 
choice between a huge number of possibilities, most of which we do not even 
consciously consider because they have already been rejected by a pre-conscious 
emotioning process. Options which feel wrong are not examined to see if they are 
reasonable. The Damasios’ work provides a neurological basis for a process which 
is familiar from the work done by Hadamard and Maturana. Hadamard notes that 

the process of mathematical invention is primarily one of making decisions 

choosing between the numerous combinations of ideas our minds are able to 
produce. And Hadamard notes that "an affective element is an essential part in 
every discovery or invention." (1945, p. 31) It is also integral to Maturana’s 
arguments, especially when he asserts that scientific investigations involve reasoning 
which comes about as a result of emotions. "Reason drives us only through the 
emotions that arise in us" (1988, p. 50). 
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Reasoning with contradiction. 

Recently we had the opportunity to play a card game called Set with small groups of 
7 year old children. The object of Set is to find sets of three cards which are either 
all the same or all different in terms of three “parameters”: Colour, Shape and 
Number. (There is a fourth parameter, Shading, which was left out when playing 
with the children. In the figures for this paper it is used to represent colour. 

Purple is solid, green is striped and red is hollow.) For example, in Figure 1 the 
three cards form a set in which all parameters are different: 















um 


Figure 1: One green bandaid, two purple diamonds, three red worms* 

Figure 2 shows another set in which the Number parameters are all the same, but 
the Colour and Shape parameters are all different: 




■ 






♦ 




n ; 


Figure 2: One green bandaid, one purple diamond, one red worm. 

The three cards in Figure 3 do not form a set, because the Colour parameters are 
not all different or all the same. There are two Green and one Purple. 
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♦ 
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Figure 3: One green bandaid, one purple diamond, one green worm. 



There is a lot of scope for mathematical activity in playing Set, including 
opportunities to construct proofs by contradiction. For example, consider the six 
cards in Figure 4. 



* The names “Bandaids,” “Diamonds” and “Worms” were chosen by the children. 




Figure 4: The six cards remaining at the end of a game 



These were the six cards remaining after one game of Set we played with the 
children. (Normally there are eight cards on the table, but at the end there are only 
six left.) Several deductions can be made. For example, because there are no cards 
with three shapes we can conclude that any set must be all the same number. This 
leaves two possibilities (two green worms, two purple bandaids, and two purple 
worms or one green bandaid, one purple bandaid and one green worm). Neither of 
these are sets, so we could conclude that there is no set, by the following simple 
proof by contradiction: 

1. Assume a set exists. 

2. There are no cards with three shapes. 

3. From 2 we can conclude that a set with all three numbers is impossible. 

4. From 3 we can conclude that the set contains three cards with the same number. 

5. Assume that the set contains only cards with two shapes. 

6. From 5 we can conclude the set is two green worms, two purple bandaids, and 

two purple worms which is not a set, therefore one of our assumptions (1 or 
5) was wrong. 

7. Assume assumption 5 was wrong. 

8. From 7, 4 and 3 we can conclude the set must contain only cards with one shape. 

9. From 8 we can conclude that the set is one green bandaid, one purple bandaid and 

one green worm which is not a set, therefore one of our assumptions (7 or 1) 
was wrong. 

10. If assumption 7 was wrong, then 6 implies that 1 must be wrong, so either way 

our initial assumption that there is a set leads to a contradiction. 

11. Conclusion: There is no set (by contradiction). 

This proof by contradiction may seem unnecessarily detailed. We have written it in 
this way to assist the reader in interpreting the following transcript of the 
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discussions between four girls, Kelley, Lynn, Arial and Meg, and the two authors 
(DR and JD) concerning the existence of a set in the cards shown in Figure 4. The 
transcript has been edited for clarity, with short omissions marked with ellipses (...) 
and longer omissions marked with asterices (***). A long dash ( — ) indicates a 
pause. References to the steps of the argument listed above are inserted where 
appropriate, in parentheses and italicized; e.g., (Step 1). The reader should also 
keep in mind that no transcript can capture the complexity of four children and two 
adults interacting. For example, no attempt has been made here to indicate cases 
where more than one person was speaking at a time. 



1 . 


DR: 


2. 


Arial: 


3. 


DR: 


4. 


Lynn: 


5. 


DR: 


6. 


Kelley: 


7. 


DR: 




*** 


8. 


DR: 


9. 


Arial: 


10. 


DR: 


11. 


Arial: 


12. 


DR: 


13. 


Meg: 


14. 


DR: 


15. 


DR: 


16. 


Kelley: 


17. 


DR: 


18. 


JD: 


19. 


DR: 


20. 


Lynn: 


21. 


Kelley: 


22. 


DR: 



Now we've only got four cards left so this is going to be hard folks 
because there is only going to be six cards not eight. 

No set. 

Do you think there’s not a set Arial? Do you have a reason for that or 
do you think that just because you can’t see— 

Because there are no threes, look. (Step 2) 

Because there’s no threes 

I'll show you. But can we do it by twos? 

If they were all twos that would be okay. 

... Does it matter that there’s no threes? 

No * 

Why is it O.K.? 

Because you could get three of the same number. 

Okay 

I know two sets. 

Okay Meg, can you tell us what your two sets are? 

[Meg arranges the cards into the ‘sets’ {two green worms, two purple 
bandaids, two purple worms} and {one green bandaid, one purple 
bandaid and one green worm}.] 

Okay now, does everybody agree that those are sets? Oh, Kelley's got , 
a problem. Kelley 

Because these two are the same shape and that one’s different and 
these two colors are the same. 

Do you understand Meg? 

[Meg folds her arms together and makes a displeased face.] 

Does that mean yes? 

... So that’s not a set. So is there a set in here? 

No 

Yes. There somewhere is. 

Okay let’s keep looking then 



At this point they had enough information to conclude that there is no set, but no. 
one has come to a definite conclusion. It is clear however that they understand that 
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the absence of cards with three shapes is important, and that they can explain why 
Meg’s “sets” were not properly formed. After they all looked again for sets, Kelley 
suggested {one green bandaid, one purple bandaid, two purple bandaids} and Lynn 
explained that it was not a set “Because there are two ones and one two. And you 
don’t get one-one-two.” Then Arial repeated her claim (originally made at line 2) 
that there was no set possible. 



23. DR: ...Arial is about to explain why there are no sets so we can go on and 

play again. 



24. Arial: 

25. Kelley: 

26. DR: 

27. Kelley: 

28. DR: 



29. Arial: 



30. DR: 

31. Arial: 



If there’s two here and two here and you get all ones. {Step 5) 

Then there’s no sets there because they’re all different things {Steps 6- 
7) 

So if you put all the twos together, it's not a set? 

Can we do two sets? Since there's only six? 

No what we'll do is we'll start over. 

[Lynn and Meg are playing with their own little collections of cards 
and are not participating in the conversation about why the remaining 
cards do not generate a set.] 

You see a set, then you would just put these together and then you 
would have to put like two ones together, it would have to be like six 
cards together but you could only have three. So then you put this 
one in front of this one but there's- you'll need one more of these. 
{Steps 8-9) 

One more green one. 

Yeah but. Oh no. 



In line 24, Arial is taking two of the cards with two shapes, and noting that the third 
card with two shapes would not form a set, and that the remaining cards could not 
form a set with the two cards because they have only one shape. Her observation at 
line 11, “you could get three of the same number,” seems not to have gone as far as 
Step 3 which says you must get three of the same number. In line 25 Kelley seems 
to have understood Arial’ s argument as showing that there is no set possible using 
the cards with two shapes. 

Line 29 contains several deductions in the form of a proof by contradiction. Our 
interpretation of her first sentence is: “You see, [if there was] a set, then you would 
just put these [two worm cards] together [and then add the one green worm card to 
go with the two green worm card] and then you would have to put like two [green] 
ones together, [and finally] it would have to be like six cards together [to make sure 
every card was with another card that matched two parameters] but you could only 
have three [which contradicts the rule that a set is made up of three cards]. Note 
that Kelley proposed changing this rule (in lines 6 and 27) to make it possible to 
make “two sets”, with two cards in each set. Arial’s last sentence in line 29 
concludes the proof by contradiction as listed above, by showing that there is no set 
composed only of cards with one shape. 
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This is the most extended case of an argument involving contradiction we observed 
when playing Set with these children, but in every game the children made use of 
simple arguments based on proposing a hypothesis and then showing it led to a 
contradiction. Game playing is not, however, the only context in which reasoning 
by contradiction is used.' 

Students doing mathematics use reasoning by contradiction spontaneously whenever 
they check a calculation and find they have made an error. For example, Bill, a 15 
year old, used reasoning by contradiction when checking a conjecture he made that 
27-5- 18x 11 ~17 provides a model for a general solution to the Arithmagon 
problem* (see Figure 5). 



The numbers on the sides of this triangle 
are the sums of the numbers at the 
corners. Find the secret numbers. 



Figure 5: The Arithmagon Problem prompt given to Bill. 

Bill: Let’s say you had 3, 6, 17. 17 divided into 6, times 3, equals 8.5. 

But would it be 9? — No, how could it be 9? Because you, you get 
6. Unless this was, um, negative three. But then you get 3 from 
here. You would have to have, um. To get a negative, you have to 
have 6. But then 9 and 6 is 15. It would not work. 

Bill assumed his method was general, and then tried it on a triangle with the 
numbers 3, 6, and 17. When this didn’t produce a solution he concluded that his 
original assumption was false. 

Formal proofs by contradiction are difficult for many students, however, the ease 
with which quite young students use contradiction in arguments suggests that it is 
not the reasoning itself which causes the problem. Barnard & Tail’s suggestion that 
inability to reason at a proceptual level interferes with students’ ability to 
successfully use proof by contradiction in some contexts in quite plausible, but we 
believe that a factor which is more important generally is that of need. 

Needs to prove. 

So far we have considered the logical form of the reasoning used in Set and by Bill. 
But the important issue when trying to understand what makes proof by 
contradiction difficult is not the form of the reasoning, but rather the emotioning 
that goes with it. In talking about the emotioning involved in proving, we use the 




* A more complete description of Bill’s reasoning can be found in Reid, 1995a. 



0 

ERIC 



59 



4-46 



term “needs.” Others have also written about the needs which proving can satisfy, 
especially the need to explain (e.g., Hanna 1989, de Villiers 1991, Reid 1995b). 

How is the emotioning involved in Bill’s reasoning and in playing Set different from 
that in the standard proof of the irrationality of V 2? What needs are involved in 
each case? In Bill’s case he had made a conjecture, but he was not certain of it. He 
! had a need to verify . Note that this need would have been satisfied no matter what 
the result of his checking was. If it turned out that his method did result in a right 
answer in this case he might have concluded that his method was generally valid. In 
this case inductive reasoning would satisfy his need to verify. As it happened, 
however, he disproved his conjecture, using the deductive reasoning involved in a 
proof by contradiction. The reasoning in the two cases differs, but the need 
underlying that reasoning is the same. 

In Set there is usually a fair amount of inductive evidence that there is no set before 
effort is expended on deducing a contradiction. Individual cards would have been 
checked and eliminated. The need here is a need to verify. Inductive reasoning has 
provided only partial verification. In this case however the distinction between 
inductive reasoning providing probable verification, and deductive reasoning 
providing definite verification is clear. Reasoning by contradiction satisfies the 
need to verify almost completely. Only the inevitable uncertainty that an error in 
reasoning has been made remains. 

When a student is asked to read a proof or to prove by contradiction that V 2 is 
irrational, what need drives that proving? It is very rare that a need to verify 
comes into play. To feel a need to verify one must be uncertain of the result. In 
the case of w2 it is unlikely that there is any uncertainty at all. In fact, embedded in 
the students’ concept image of irrationality is likely to be the fact that V2 is 
irrational. It is a canonical example (along with n) of an irrational number. For 
many students “irrational” means “numbers like V 2 and 7 x.” The need that drives 
students to prove that V 2 is irrational is something other than a need to verify. It is 
likely to be a need to function in a social context, like a classroom in which proving 
is an activity done primarily to ensure good marks, not to verify or explain 
mathematical statements. 

Conclusion 

We do not mean to claim that the conceptual difficulties noted by Barnard and Tall 
are not real. We do wish however to emphasize that when we examine students’ 
reasoning we must not do so in isolation from their emotioning. Students who have 
flexible procepts of the concepts involved in the standard proof of the irrationality 
of V 2 may be better able to produce the proof, but they will be doing so only 
because they have been asked to do so by their teacher. It is perhaps those students 
who do not know that V 2 is irrational who are in a better position to prove that it is 
so. 
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SELF-EFFICACY BELIEFS AS MEDIATORS IN 
MATH LEARNING : A STRUCTURAL MODEL 



Martin Risnes 
Molde College, Norway 

This paper reports an attempt to examine and describe students 9 mathematical 
beliefs at undergraduate level. Our findings indicate that selfiejficacy beliefs 
play a mediating role in the influence of prior mathematical experiences on 
motivational beliefs and mathematical achievement. 



During the last ten years researchers have stressed the role of students’ beliefs in 
the teaching and learning of mathematics. This is part of a renewed interest in the 
affective aspects of mathematical education, as summarized in McLeod & Adams 
(1989), McLeod (1992), Pehkonen & Tomer (1996). McLeod (1992) presents an 
overview of studies relating to the affective domain and describes four categories 
of beliefs studied in the literature, beliefs about mathematics, beliefs about 
oneself as a learner, beliefs about mathematics teaching and beliefs about the 
social context. The beliefs students bring into the learning situation, determine 
both how they approach mathematics and the mathematical skills they are 
motivated to acquire and use. 

Purpose of the study 

The purpose of this study is to examine relations between student beliefs about 
oneself as learners of mathematics and beliefs about mathematics. We 
hypothesize that beliefs related to self-efficaev judgments of own capacity will 
play a mediating role in the influence of mathematical experience on motivational 
beliefs and achievement. We also want to examine the interplay between belief 
constructs used by researchers coming from different theoretical positions. 

Theoretical framework 

Beliefs about mathematics are closely related to motivational issues. Eccles and 
her colleagues have developed a model of academic choice and achievement 
based on expectancy-value theories of behavioral choice as developed by 
Atkinson as his colleagues (Eccles (Parson), 1983). This motivational model links 
students achievement to their expectations for success on the task and the value 
they attach to the task. The expectancy component may be considered to include 
students beliefs about their ability to perform the task, and the achievement value 
part may be considered to be composed of intrinsic value, utility value, attainment 
value and cost, (Wigfield, 1994, Pintrich & DeGroot,1990). The intrinsic or 
interest value is related to the enjoyment in performing the activity and the 
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interest in pursuing the task. The cost value may be compared to negative 
emotional aspects like anxiety relating to engaging in the task. 

The other main component of beliefs in this study relates to beliefs about oneself 
as learner of mathematics. Expectancy judgments are conceptually related to 
estimates of self-confidence and self-efficacy in achievement situations. Measures 
of self-confidence or self-concept have a long history in studies on math learning 
(McLeod, 1992). The term self-efficacy is used in social cognitive theories to 
describe how a person think he is able to accomplish on a given task (Bandura, 
1997). Following Bandura we could say that how people behave can often be 
better predicted by their beliefs about their capabilities than by what they are 
actually capable of accomplishing, for these beliefs determine what individuals do 
with the knowledge and skills they have. The term self-concept may be seen as a 
global estimate of efficacy, compared to self-efficacy giving a more domain and 
task-specific measure of efficacy. Another aspect of self-efficacy considered to 
play an important role in academic self-motivation are students’ self-beliefs of 
efficacy to strategically regulate the learning process (Zimmerman et al 1992). 
Historically many of the studies on affective variables like confidence and anxiety 
have been related to the question on gender differences in mathematical learning 
(Leder, 1992) . We also include in our study some preliminary results on the 
issue of gender. 



The target group for this investigation was students at age 19-20 starting a study 
program in economics and business administration at a college in Norway. As 
part of their program the students have to take a compulsory course in calculus 
emphasizing applications in economics. In the first week of the fall semester of 
1996 the students were asked in an ordinary class session to fill in a self-report 
questionnaire. Of 290 students present in class, 266 completed the form. 

Instruments 

The questionnaire consisted of three parts, one part for items relating to 
students’ beliefs, one part for information on math courses in upper secondary 
school and one part including a test on mathematical performance. 

In the affective part, the students were asked to indicate if they agreed or 
disagreed to statements on a four-point Likert scale ranging from strongly agree 
to strongly disagree. We decided to use a four-point scale as this is supposed to 
force a discrimination between the first two and the second two choices leaving 
the middle option open. On the items of self-regulation we used the original five- 
point scale with answers ranging from not well at all to very well. For the analysis 
the answers were recoded such that a high score indicated beliefs considered to 
be beneficial to math learning. Using an exploratory factor analysis, we identified 
eight factors describing the structure of student mathematical beliefs ( Risnes, 
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1997). In this study we will concentrate on the following five belief constructs 
each loading on three items: 



Regulation . Measures self-efficacy for self-regulated learning adapted from 
Zimmerman, Bandura & Martinez-Pons (1992). 

Sample item: “How well can you concentrate on school subjects?” 

Motivation . Measures self-efficacy as part of motivational beliefs adapted from 
Pintrich & De Groot ( 1 990). 

Sample item: “I’m certain I can understand the ideas taught in this course”. 
Ability. Variable named ‘self-perceived ability to learn’ in Skaalvik & Rankin 
(1995). This variable is analog to ‘self-concept of mathematics ability’ 
(Pokay,1996) and ‘confidence in learning math’ (Fennema & Sherman, 1977). 
Sample item: “I can learn mathematics if I work hard”. 

Interest . Variable for mathematics as an interesting and enjoyable subject analog 
to ‘intrinsic motivation’ in Skaalvik & Rankin (1995). 

Sample item: “I like mathematics”. 

Anxiety . Variable in the tradition of studies on mathematics test anxiety analog 
to the Fennema-Sherman math anxiety scale. 

Sample item: “I feel anxious at mathematics tests”. 

Students prior exposure to mathematics are measured by year giving the number 
of years (1,2 or 3) taking a math course in upper secondary school and grade 
giving the grade (2 lowest, 3, 4, 5 highest) in their final math course. The variable 
program indicate if the students have followed a general/ academic oriented 
gymnasium track or a vocational oriented commercial/ business track in upper 
secondary school. 

Student performance is measured by a test developed by Norwegian 
Mathematics Council in the 1980’ ties to assess student qualifications at entering 
university level. The test measures basic mathematical knowledge from 
comprehensive school at age level 16-17. The students were to provide the 
answers themselves on 38 items covering the areas: arithmetic, everyday life, 
algebra, problem solving and geometry. The test result is measured by using as 
indicators the sum of the scores in each of the five subareas. 

We also include in our analysis the variable sex coded female=0 and male=l. 

Method 

To study the relationships between variables, we apply structural equation 
modeling (SEM) techniques ( Bollen,1989). SEM may be used to test hypothesis 
about relations among observed and latent variables. One advantage of SEM 
compared to conventional regression analysis is that it adjusts for measurement 
errors in the variables. We used the implementation LISREL8.14 developed by 
Joreskog & Sorbom (1996). The results are based on studying the covariance 
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matrix for the indicators involved, treating the indicators as continuos variables. 
For estimation of the models we use estimation by the method of maximum 
likelihood. The effective sample size in our SEM analysis is 58 females and 170 
males. 

Confirmatory factor analysis 

We start by presenting a measurement model for the five belief constructs 
identified by the previous factor analysis. In this measurement model, Model 1, 
each of the beliefs are treated as a latent variable loading on the three indicators 
given by the items in the questionnaire. Evaluating the model by the chi-square 
goodness-of-fit test, we find a chi-square of 131 with 80 degrees of freedom. The 
Root Mean Square Error of Approximation (RMSEA) measure used to assess the 
degree of lack of fit of the model is .053. Browne & Cudeck (1992) suggest that 
RMSEA values less than .08 indicates an acceptable fit and values less than .05 
indicates a good fit. Based on the fit statistics we conclude that our measurement 
model gives an acceptable fit to the data. 

Model 1 may be seen as a confirmatory factor analysis indicating that our 
constructs will give an adequate description of students’ belief variables. 

This makes it feasible to present a scale for each of the belief variables by taking 
the average of the scores on the three indicators involved. By analyzing the mean 
values for the five belief variables for each level of the class variables sex, 
program, years and grade , we find the following pattern: 

The values for all the beliefs variables, except regulation, are becoming 
monotonicly more positive with more years of math and with better grades in 
mathematics. Students coming from the academic program are scoring higher on 
all the variables except for regulation. These findings are in agreement with what 
we would expect and we could say that the results are adding some content 
validity to our belief constructs. 

A t-test gives sex differences with females expressing a more positive view than 
males on interest, motivation and regulation. Contrary to many other studies we 
do not by this test find sex differences in ability (self-concept) and anxiety. 

Structural model. 

The focus in this paper is to use structural equation modeling to study structural 
relations between our belief constructs. We hypothesize that the variable for sex 
and the latent variable for school background with indicators year, grade and 
program, will influence the belief variables and the test score. Based on self- 
efficacy theory we start with the assumption that the self-efficacy beliefs 
regulation, ability and motivation will have a mediating role on interest, anxiety 
and test result. By allowing for modification of the model based on deleting non- 
significant paths and using modification indices to include new paths, we present 
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our structural model, Model 2. Figure 1 shows the structural part of Model 2 
giving estimated path coefficients between the latent variables, omitting the 
indicators for each latent variable. In estimating Model 2 we have included 
covariances between the error terms of two of the five test indicators and 
between the indicators for school background. Estimation of the model produced 
goodness of fit statistics like chi-square of 356 with 236 degrees of freedom and 
RMSEA= .047. We conclude that Model 2 gives a reasonable good fit to our 
data. 




Figure 1. Stuctural model 2 with estimated path coefficients and error terms for 



latent variables. 

In the previous analysis we found a significant sex difference in regulation and 
interest and in Model 2 both these variables play an intermediating role in the 
influence of sex on the test result. The variable school for prior exposure to 
mathematics, has a direct influence on test and the belief variables ability, 
motivation and interest, with paths from ability via motivation to interest and from 
interest to test. The signs of the effects are as would be expected with better 
background in mathematics giving more positive beliefs and better test score. Our 
findings are in some contrast to Stage & Kloosterman (1995) who found no 
significant paths from high-school exposure to belief variables. Model 2 indicate 
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that interest and anxiety mediates the role of self-efficacy beliefs on achievement 
even though this was not confirmed for anxiety in Meece et al (1990). 

The variable regulation is measuring self-efficacy of regulation in a general 
context without any reference to mathematics and it seems reasonable that this 
variable is unrelated to the specific background in mathematics. In our analysis 
we did not find a significant path from regulation to self-efficacy measures of 
ability or motivation analog to findings in Zimmerman et al (1992). 

We find the beliefs ability, interest and anxiety to have a significant total effect on 
the achievement variable test with coefficients .16, .19, .17 respectively. This 
may be compared to Malmviuori & Pehkonen (1996) who identifies self- 
confidence as the most important predictor of math achievement with a 
standardized regression coefficient of .265. The total effect of school background 
on achievement is as high as .66. In this structural model we now find that sex 
has a total effect on anxiety, with males showing less anxiety. 

The total variance explained within Model 2 as measured by squared multiple 
correlation, is for test .50, interest .52, motivation .53, anxiety .37, 
ability .25 and regulation .04. 

The correlation values between the latent variables as estimated in Model 2 are 
given in table 1. 



Table 1 . Correlation between latent variables in Model 2 





reg 


motiv 


abil 


inter 


anx 


test 


motiv 


0.00 












abil 


0.00 


0.71 










inter 


0.05 


0.66 


0.49 








anx 


-0.24 


0.40 


0.56 


0.26 






test 


-0.04 


0.45 


0.45 


0.47 


0.37 




sex 


-0.21 


0.02 


0.02 


-0.25 


0.06 


-0.02 


school 


-0.01 


0.50 


0.50 


0.45 


0.28 


0.66 



The variable motivation for self-efficacy of motivation from Pintrich & De Groot 
(1990), has a nonsignificant correlation with the variable regulation for self- 
efficacy of self-regulated learning in Zimmerman et al (1992), indicating these 
variables to be rather independents traits of self-efficacy. The variable ability 
measuring self-concept of math ability correlates strongly ( .71) with the variable 
motivation and it looks like these variables are highly related as measures of self- 
efficacy. These variables are trying to measure rather global aspect of efficacy 
judgments and do not fully satisfy the recommendations made by self-efficacy 
theorists to relate self-efficacy measures to specific tasks. The rather high 
correlation of .56 between ability (self-concept) and anxiety is still below the 
value .87 reported in Pajares & Miller (1994). 
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Conclusion 

Based on the confirmatory factor analysis in Model 1, we conclude that the five 
belief variables give valid information on students’ beliefs relating to the learning 
of mathematics. The analysis indicate that the structural Model 2 gives an 
adequate representation of possible relations between our variables. In this model 
self-efficacy beliefs are influenced by sex and prior exposure to mathematics and 
these beliefs will through their paths to the variables for interest and anxiety, have 
an indirect influence on achievement. The variable for achievement is directly 
influenced by school background and the motivational belief variables interest 
and anxiety. 

We notice that judgments of personal efficacy influence the level of interest and 
anxiety as indicated by self-efficacy theory. It may be argued that generalized 
judgments related to outcome expectations like confidence and self-concept, are 
different from particularized self-efficacy beliefs relating to specific tasks 
(Bandura, 1997). We still find our self-efficacy beliefs to be rather good 
predictors of mathematical achievement even though our measure of achievement 
is not specifically related to the constructs of self-efficacy. 

It would be possible to specify several models giving reasonable good fit to the 
data and the data themselves do not give any clear preference for which of 
numerous equivalent models to choose. Model 2 is based on the hypothesis that 
variables of self-efficacy will play a mediating role in the influence of prior 
mathematical experiences on the test result. We take our empirical results to give 
some evidence to the significance of self-efficacy theory (Bandura, 1997) in 
describing and understanding the influence of mathematical beliefs in the learning 
of mathematics. 
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TEACHERS’ PEDAGOGICAL CONTENT KNOWLEDGE OF GEOMETRY 



Lynn Rossouw & Eddie Smith 
School of Science and Mathematics Education 
University of the Western Cape, South Africa 

This 'paper reports on research done on teachers’ pedagogical content knowledge 
(PCK) in geometty, two years after they have completed an INSET-course offered by 
the Primaty Mathematics Project at the University of the Western Cape , South 
Africa . It describes two main sources of PCK, the teachers’ knowledge of geometty 
and the teachers’ knowledge of pupil learning. This study is interpreted within the 
context of the teachers’ classroom actions and the interaction that takes place. 



Introduction 

The research report explores teachers' pedagogical content knowledge in the 
field of geometry two years after completing the Certificate in Primary Mathematics 
Education (CPME), an INSET course offered by the Primary Mathematics Project 
(PMP) at the University of the Western Cape (UWC). A research programme was 
established to study the impact that the CPME course had on teachers' perceptions of 
their practices; the teachers' knowledge of geometry teaching and learning, and the 
beliefs that teachers' have about the teaching and learning of geometry. 

Shulman (1987), in his conceptualization of the teacher's knowledge base, 
places special emphasis on the pedagogical content knowledge (PCK) as a means to 
identify teaching expertise which is local, part of the teacher's personal knowledge 
and experience. Several studies points to the significance of PCK on teachers’ 
professional growth (Feiman-Nemsher, 1991; Evan et.al., 1996). These studies show 
that the relationship between the teachers' knowledge of a subject and classroom 
practices have a significant bearing on the professional knowledge and practices of 
teachers. 

The aims of this study were to explore: 

1 . The teachers' knowledge of geometry as a source of PCK. 

2. The teachers' knowledge of pupil learning as a source of PCK. 

The scope of the research included issues such as what content-specific knowledge 
of geometry teachers displayed; what knowledge teachers possessed about the 
understandings and strategies that learners bring to learning and the teachers' 
awareness of preconceptions and misconceptions that learners bring to class. 

Theoretical Considerations 

The teacher's pedagogical content knowledge in this study is interpreted 
within the context of the teachers' classroom actions. In this sense it is knowledge-in- 
O (Schon, 1983). Pedagogical content knowledge essentially refers to what the 
knows about teaching a specific content field. Shulman (1987) describes this 
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knows about teaching a specific content field. Shulman (1987) describes this kind of 
knowledge as (a) the different ways of representing and formulating the subject matter 
to make it comprehensible to others, (b) understanding what makes the teaching of 
specific topics easy or difficult and (c) knowing the conceptions and pre-conceptions 
that learners bring to the learning situation. This description suggests that PCK has to 
be interpreted from a particular content field, in this case geometry. PCK integrates 
both content and pedagogy, in this instance the teacher's knowledge of geometrical 
ideas/concepts and their relationships, integrating it with what the teacher knows about 
the teaching and learning of these geometrical ideas and concepts. 

Several studies have proposed a further categorization of PCK. Askew et. al. 
(1997) have studied teachers' knowledge of teaching styles, teaching resources, pupil 
responses and classroom management. After analysing the PCK of eight fifth grade 
teachers, Marks (1990) has painted a portrait of PCK as composed of four major 
areas: (a) knowledge of subject matter, (b) knowledge of student understanding, (c) 
knowledge of the instructional processes and (d) knowledge of the media for 
instruction. Cochran et. al.,(1993) have offered an expanded view of PCK which is 
based on a constructivist view of learning and suggested that it should include 
knowledge of the subject matter, knowledge of pedagogy, knowledge of the students 
and knowledge of the environment. 

The working model that was constructed by the researchers to study teacher's 
PCK of geometry teaching emerged from the data collected. It is articulated in this 
report under the categories stated below, followed by a description: 

• Knowledge of geometry 

The teachers' knowledge of geometry consists of knowledge of content and knowledge 
of connections in geometry. Knowledge of content refers to the facts, skills and 
concepts of the geometry curriculum, for example knowing what an angle is. 
Knowledge of connections can be described in terms of how the particular content is 
connected to other topics in geometry, in mathematics and in other subjects (cross- 
curricular) 

• Knowledge of learning geometry 

The teachers' knowledge of pupil learning includes the knowledge of the pupils 
abilities and strategies, their developmental levels, the prior conceptions that they 
bring to class, as well as misconceptions that they may develop. It also includes an 
understanding of which aspects are easy or difficult to learn. 

• Knowledge of teaching representations 

The teachers' knowledge of teaching representations refer to the selection of suitable 
activities, the type of explanations, illustrations or analogies used, the sequencing of 
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activities and awareness of a level structure. It also refers to the teachers' management 
style. 



• Knowledge of the environmental context of teaching 

The teachers' knowledge of the environment is understood as the teachers' 
understanding of the social, political, cultural and physical environment that shape the 
teaching and learning process (Cochran et. al., 1993). It includes an understanding of 
the ethos of the school and the teachers’ role in the reformed classroom. It also 
includes knowledge of the socio-economic environment, the societal values which are 
pursued and especially how materials are adapted for the local context. 

These categories should not be seen in isolation but are highly integrated. For 
example, the use of a co-operative setting may represent knowledge about pupil 
learning, knowledge of the environmental context and/or knowledge of teaching 
representations. 



Although research thus far shows no direct link between teachers’ understanding 
of content knowledge and learner performance, there is evidence that teachers whose 
mathematical knowledge is more comiected, are also more conceptual in their teaching 
(Fennema & Franke, 1992). A lack of content knowledge in teachers not only leads to 
an inability to determine the correctness of answers but also to teacher responses 
which are either ad-hoc or mathematically inadequate (Evan et.al., 1996). 



The Design of the Study 

The research data comes from six of the cohort of 24 CPME teachers with 
between 7 and 20 years of teaching experience. An ethnographic research design was 
chosen as its qualitative methods provide us with sufficient flexible alternatives for 
describing, interpreting, exploring and explaining the process of teaching and learning 
within the classroom, while working closely with the participants. 

The research design has two principal features: interviews and classroom 
observations. The data obtained from the semi-structured interviews, discussing the 
teachers' perceptions of their practices has been reported elsewhere (Rossouw 
et.al., 1997). The second principal feature involved observing the six teachers, selected 
through opportunity sampling (Miles & Huberman,1984), depending on whether the 
teachers’ were teaching geometry at that particular time. Each teacher agreed to teach 
three geometry lessons of their choice, which they believed to be good examples of 
geometiy teaching. The duration of these lessons ranged from 40 to 50 minutes, with 
an average of 47 minutes per lesson. ^ 

With the commencement of each observed lesson, each participant completed a 
pre-instruction schedule which included probes of: (a) the teachers’ expectations for 
the lesson, (b) awareness of pupils intuitions and misconceptions, (c) which aspects 
they believed pupils will find easy or difficult to learn (d) why the particular teaching 
strategy was selected. The teachers’ lessons were video recorded and the two 
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researchers independently wrote field notes of their observations of what the teacher 
was saying and doing. From the video recordings and Field notes it was possible to 
construct "thick descriptions" which encapsulated both the action (field notes) and the 
talk (transcripts). The observations were followed by post-instruction interviews 
which were conducted mainly to clarify teachers' actions for some of the issues that 
had emerged during the lesson. For example, a teacher would be interviewed to 
illuminate a particular sequence of representations or to clarify what was perceived to 
be an inconsistency or misconception in the teachers' content knowledge. 

In total our database consisted of 18 completed pre-instruction questionnaires, 
18 video recordings of geometry lessons together with field notes on each, and 18 
post-instruction observation interviews. Analysis of these descriptions was done by 
open coding (Strauss & Corbin, 1990). Memo writing (Miles & Huberman,1994) was 
used to document the issues emerging from the classroom observations. 

The remainder of this paper discusses, two sources of teachers' pedagogical 
content knowledge, namely the teachers' knowledge of geometry and the teachers’ 
knowledge of pupil learning. 

The teachers' knowledge of geometry 

The teachers' knowledge of geometry was taken to be knowledge of geometric 
facts, concepts and principles, as well as the relationship among these facts, concepts 
and principles. Hiebert & Carpenter (1992) define the degree of understanding in 
terms of the number and strength of connections one is able to make. The extent of the 
teachers' knowledge of geometry was therefore interpreted in terms of the type of 
connections being made. A further distinction was made between vertical and 
horizontal connections. Vertical connections refer to the links established within 
geometry theory through the linking of different geometrical procedures and concepts. 
Horizontal connections are the connections made with other subjects as well as with 
the physical world and are identified either from explicit reference or through the use 
of physical and/or visual models. 

Ken, a seventh grade teacher, places far more emphasis on making vertical 
connections by referring to the future importance of a particular concept or procedure 
that was taught. Pupils had to master the properties of parallel lines because they 
would require it in Grade 9. References to horizontal connections were mostly 
fleeting, like "you see angles where the streets meet." This example shows Ken's- 
low awareness of the complexity of the relationship between spatial thinking in the real 
world and geometry. This confusion between 3D- and 2D-space was found to be quite 
common among elementary school children (Berthelot, 1994). 

On the other hand, Tessa, a sixth grade teacher made more horizontal 
connections, often referring to concepts being used in other subjects like needlework 



or technology. She favours tasks which are set in the context of real world 
experiences. This is how she describes getting her ideas for teaching a lesson on 
angles There are two men with different neck ties ... it has stripes which form 
angles .. I then decided to use it as a basis for my lesson 



Their goals for teaching geometry also differ markedly. For Tessa a lesson on 
perimeter was taught in a particular way "because the learner needs to be equipped 
for society to make his/her own purchases." Ken on the other hand, frames his 
goals for teaching geometry in terms of "understanding the concepts, ...identifying 
the important relationships... ." This is how Yola, a fourth grade teacher, describes 
the goals of one of her lessons "...those matchboxes and the old milk box that they 
see... they must see it as I can do some mathematics with it... For her 
mathematics has to be fun for the pupils which will ensure that they will be keen to 
learn it. 



Tessa relies on her own real life experiences as the main source of information 
for her lessons. For example, a lesson on perimeter becomes a lesson on buying 
cooking utensils and clothes according to neck or waist size. Yola also relies on her 
own experiences but as a participant in in-service workshops and makes extensive use 
of materials obtained from these workshops. Ken’s ideas for lessons comes mainly 
from text-books. 



The teachers' personal knowledge of geometry appears to be fairly stable, 
except for those critical moments when the unexpected happens. Such a critical 
moment occurred in one of Yola's lessons: 

Yola : You take a square and turn it around and it’s a kite. 

Learner : No, Miss .. a diamond. 

Yola : a kite and a diamond is one, it’s the same thing. It all 



depends on how the diamond is drawn. Some draw it 
with the top lines shorter, and in the other diamond 
all four sides are the same.” 



When queried afterwards on the relationship between a kite and a diamond 
(rhombus), she explained that she could vaguely recall from her high school days that 
there was a relationship although she could not explain exactly what it was. 



KNOWLEDGE OF PUPIL LEARNING 



Ken and Yola's awareness of the pre-conceptions that pupils bring to class is 
rooted in what they know was done in previous classes. They therefore assume the 
knowledge that was supposed to have been mastered in the previous school year, as 
the starting point of their lessons. Tessa on the other hand identifies the pre- 
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conceptions from the real life experiences that the pupils bring to class. The fact that 
the pupils knew about clothing sizes was utilized as a starting point for a lesson on 
perimeter. 

All the teachers professed that they were unaware of misconceptions that pupils 
might develop during the lesson. However, what is significant is the teachers’ choice 
of manipulatives and how this reflects the teachers implicit knowledge on how tliis 
contributes or prevents the development of misconceptions in pupils. For example, in 
Ken's lesson on the properties of parallel lines, the pupils used protractors to measure 
angles in order to establish relationships between corresponding and alternate angles. 
The pupils inability to use protractors contributed towards a situation where at the end 
of the lesson pupils could not identify corresponding or alternate angles with 
confidence. Tessa on the other hand used informal measuring devices, like string and 
tape, to measure the perimeter of objects. The concept of perimeter was more firmly 
established through this. 

The teachers’ knowledge on what is easy or difficult to learn is also better 
understood from the context of the lessons. Teachers relied mainly on their past 
experiences to guide them in either spending more or less time on those aspects that 
they perceive the pupils will find difficulty in learning. Ken spent a lot of time on the 
use of a protractor and far less on the classification of angles. Yola spent less time on 
the recognition of shapes and more time on the properties of shapes. When queried on 
the time management during their lessons, both Ken and Yola responded that from past 
experience they knew the areas where their pupils needed more time so that they 
would not struggle unnecessarily. 

The teachers' awareness of the developmental level of the pupils is reflected in 
the sequencing of the activities. Some of Tessa's lessons show progress from a 
"hands-on" activity with real world objects, to a worksheet with visual representations 
and finally to application. Ken's lessons almost always begin with a worksheet of 
visual representations of the concept/idea to be mastered. This is then followed by 
checking with manipulatives and finally there is the application. Nancy, a fifth grade 
teacher, introduces each component of the concept taught, separately. For example 
she uses paper-folding to establish the symmetry line and mirrors to focus on the 
mirror image. When prompted to explain the sequencing of activities she replied : "It 
is easier to help them to understand each part, then to put the parts together and 
then finally the whole picture would be very clear to them." 



All the teachers use a co-operative setting to teach, though with varying reasons 
for doing this. For Tessa, learner interaction is a valuable enterprise for shared 
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knowledge. This is how she describes her reasons for the classroom setting " ...in 
groups the weaker child sometimes understands better from his/her friends than 
from the teacher. That is why I am in favour of group work.” Ken also sets up 
his pupils in groups. However, he tends to take up most of the time expanding on 
concepts and giving instructions in the class. He keeps a tight reign on the pupils and 
only allows pupil-pupil interaction after he has sanctioned it. Yola's presentations, 
through its emphasis on manipulative work, not only emphasizes peer group learning 
but also learning from interaction with the materials. 



DISCUSSION 

The variations described above in the teachers’ pedagogical knowledge of 
geometry and knowledge of pupil learning, led to the identification of three 
orientations - life skills, investigative and mastery. It should be emphasized that not 
all lessons taught by the teachers’ can neatly fit into the three categories. However, it 
can be used to classify the predominant orientations of the teachers in this study. 

We characterize the life skills orientation as concerned with teaching geometry 
as a means to equip pupils with life skills. These teachers’ emphasize the links 
between the geometry in school and real life situations, where that knowledge 
becomes functional. The teachers knowledge of teaching goals plays a pervasive role 
in the type of teaching representations they use. Associated with this kind of 
orientation is the view that pupils learn better if the knowledge has practical value for 
them. 



The investigative teacher tends to treat all geometry topics as opportunities to 
engage pupils in manipulative activities. The activities are not selected on the basis of 
utilitarian value but simply becomes a means to an end. The discovery of patterns 
through the use of manipulatives, for example paper-folding, is highly valued. 
Associated with this view is the knowledge that pupils learn through their interaction 
with the materials. 



The mastery teacher is pre-occupied with understanding. The facts, concepts 
and procedures are uppermost in this teacher’s mind. The focus is on what kind of 
mathematics pupils will need to build on in future. Consequently the selection of 
activities and the classroom organisation are but means to help the pupils to attain 
mastery for future purposes. The main source of information is the textbook and 
learning is perceived as mainly from the teacher, and far less from peer interaction. 

CONCLUSION 

In this paper we discussed some initial findings regarding primaiy school 
teachers’ pedagogical content knowledge of geometry. Our data shows that, based on 
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die teachers’ knowledge of geometry and pupils learning, distinct orientations can be 
discerned in these teachers. Our paper identified three such orientations which we 
have described as “life skills”, “investigative” and “mastery”. Even though these 
teachers had the same learning experience tlirough their attendance of the CPME 
course two years earlier, dieir PCK of geometry showed marked differences. In the 
light of these findings it seems that teachers eventually develop their own pedagogical 
content knowledge which is shaped by their own experiences and perceptions. 
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CONVICTION, EXPLANATION AND GENERIC EXAMPLES 

Tim Rowland 

Institute of Education, University of London 

In this paper, 1 distinguish between the purposes of proof in terms of (i) community-of- 
practice certification , and (ii) enlightenment and explanation of inductive discoveries 
and standard theorems. 1 argue the case for wider acceptance of the appropriateness 
and validity of generic arguments for the sepond purpose, and for more attention to the 
deliberate deployment of generic examples as didactic tools. 

PROOF AND RESEARCH 

Proof is central to mathematics, yet the purposes of proof need careful consideration in 
order to achieve some consensus on what might count as a proof in a given context. 

I find it useful to begin from an observation of Reuben Hersh (1993) that the role of 
proof in the classroom is different from that in research. 

For research mathematicians, claims Hersh, the purpose of proof is conviction; the 
formal proof is the guarantee of ’truth’. Indeed, mathematics is uniquely characterised by 
a deductive mode of reasoning which builds on truth in order to attain further truth. 
Support for such a view was provided in a recent BBC TV documentary celebrating 
Andrew Wiles' proof of Fermat's Last Theorem 1 . The programme begins with the 
historical background to the theorem, and proceeds to explain for a ’lay’ audience what 
might be required to demonstrate that it was true - a ’mathematical proof. 
Mathematicians Peter Samak, Nick Katz and Ken Ribet elaborate: 

Samak. A mathematician is not happy until the proof is complete and considered 
complete by the standards of mathematics. 

Katz. In mathematics there s the concept of proving something, of knowing it with 
absolute certainty. 

Samak: Which, well it's called rigorous proof. 

Ribet: Well rigorous proof is a series of arguments ... 

Samak: ... based on logical deductions. 

Ribet: ... which just build one upon another. 

Samak: Step by step. 

Ribet: Until you get to . . . 

Samak: A complete proof. 

Katz: That’s what mathematics is about. 



! BBC2 15th January 1996: See also http://www.bbc.co.uk/horizon/96-97/bafta/fermatrn html anH 
Singh (1997). Fermat’s Last Theorem claims that x n + / = z n has no integer solutions for n> 2 
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In the practice of mathematical research, as Hersh points out, mathematical proofs are 
not atomised into sequences of sentences in formal logic, with mechanical checks 
against rules of inference, but are submitted instead to the scrutiny of qualified (human) 
judges. It is an interesting case of peer-review within a particular community of practice. 
The rules for mathematical argument are sufficiently circumscribed, and the objects 
under consideration defined with such precision, that any two qualified judges are 
expected to be in agreement as to the correctness (or otherwise) of a given proof. 

Approval by such expert gate-keepers amounts to the achievement of conviction for the 
community as a whole, most of whom are unlikely ever to read the proof for themselves, 
although some may be aware of the conclusion, the theorem which has been added to the 
corpus of mathematical knowledge. The effectiveness and rigour of the process was in 
fact highlighted by the progress of Wiles’ 200-page proof once it had been submitted to 
Inventiones Mathematicae for publication. Nick Katz was one of the referees: 

Katz: So for two months, July and August, I literally did nothing but go through this 

manuscript, line by line. What this meant concretely was that essentially every 
day, sometimes twice a day, I would E-mail Andrew with a question: I don't 
understand what you say on this page on this line. It seems to be wrong or 
I just don’t understand. 

Wiles: So Nick was sending me E-mails and at the end of the summer he sent one that 

seemed innocent at first. I tried to resolve it. 

Katz: It's a little bit complicated so he sends me a fax, but the fax doesn’t seem to 

answer the question, so I E-mail him back and I get another fax which I’m still 
not satisfied with. This, in fact, turned into the error that turned out to be a 
fundamental error and that we had completely missed when he was lecturing 
in the spring. 

It had taken Wiles seven years to construct the proof; he needed a further year to remedy 
the flaw that Katz had detected. At last the referees were convinced. 

PROOF IN THE CLASSROOM 

The situation in the classroom is very different. 

In the classroom, convincing is no problem. Students are all too easily convinced. Two 
special cases will do it. (Hersh, 1993, p. 396) 

In the teaching context, says Hersh, the primary purpose of proof is to explain , to 
illuminate why something is the case rather than to be assured that it is the case. The 
Pythagorean proposition is a cornerstone of mathematics, and no student should doubt its 
truth; but a proof serves to shed light on its inevitability. 

By way of example of classroom practice, consider one rich mathematics task, adapted 
from Foxman et al. (1982, pp. 102-1 11) 

Partitions. The number 3 can be 'partitioned' into an ordered sum .of (one or more) 
positive numbers in the following four ways: 3, 2+1, 1+2, 1+1+1. Find all such ordered 
partitions of 4. In how many ways can other positive numbers be partitioned? 
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The mathematics teacher introduces this task to the class, and organises discussion in 
pairs. Work on this activity soon produces some data: as well as the 4 given partitions of 
3, they find that there are 2 partitions of 2, and 8 possible partitions of 4. Emma (say) 
notices that as the number to be partitioned increases from 2 to 3 to 4, so the number of 
partitions doubles from 2 to 4 to 8. Her prediction that there will be 16 partitions of 5 is 
subjected to empirical confirmation. Cathy goes on to make the conjecture that 'this 
always happens’. The conjecture is arrived at by process of inductive inference. 

The teacher calls the class together for plenaiy discussion of the problem. There is 
consensus about the universal validity of the doubling pattern. The epistemological issue 
at this point is not one of conviction, but of insight. Why is it that the number of 
partitions doubles at each stage? The teacher develops an explanation of the doubling - a 
deductive argument such as the following. Consider any partition of n. If I increase by 
one the size of the last part, I have produced a partition of «+ 1. If instead, I adjoin an 
additional part of size 1, 1 have produced a different partition of #i+l. So there are at least 
twice as many partitions of n+l as there are of n. Further argument establishes that this 
process accounts for every partition of n+\. This constructive proof explains the 
observed doubling phenomenon. 

GENERIC EXAMPLES 

The argument above (relating partitions of w+ 1 back to those of n) is effectively 
presented, from the point of view of both explanation and conviction, by assigning a 
particular value to n , say 3. The exposition then describes how each partition of 3 begets 
two partitions of 4. Indeed, my experience with students indicates that careful scrutiny 
and comparison of the 4 partitions of 3 alongside the 8 partitions of 4 can trigger 
explanatory insight concerning the way that each partition of 3 is related to two 
partitions of 4. Such an argument amounts to proof by generic example (Pimm and 
Mason, 1984; Balacheff, 1988). 

The generic proof, although given in terms of a particular number, nowhere relies on any 

specific properties of that number. (Pimm and Mason, 1984, p. 284) 

A generic example is an actual example, but one presented in such a way as to bring out 

its intended role as the carrier of the general, {op. cit. p. 287, emphasis added) 

The story (probably apocryphal, but see Polya, 1962, pp. 60-62 for one version) is told 
about the child C F Gauss, who astounded his village schoolmaster by his rapid 
calculation of the sum of the integers from I to 100. Whilst the other pupils performed 
laborious column addition. Gauss added 1 to 100, 2 to 99, 3 to 88, and so on, and finally 
computed fifty 101s with ease. The power of the story is that it offers the listener a 
means to add, say, the integers from 1 to 200. Gauss’s method demonstrates, by generic 
example, that the sum of the first 2k positive integers is £(2£+l). Nobody who could 
follow Gauss’ method in the case £=50 could possibly doubt the general case. It is 
important to emphasise that it is not simply the fact that the proposition that the sum 
1+2+3+ ... + 2k = k(2k+\) has been verified as true in the case £=50. It is the manner in 
which it is verified, the form of presentation of the confirmation. 
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By contrast, consider a possible inductive approach to Lagrange’s Theorem 2 on groups. 
We might observe that the order of every subgroup of D 4 is a factor of 8, that the order 
of every subgroup of Z15 is a factor of 15, and so on. But these confirming instances lack 
explanatory power. The usual proof of the theorem enumerates cosets, and we could 
indeed demonstrate that (for example) Z15 is partitioned by the five cosets of the 
subgroup (0, 5, 10} - but without gaining any insight as to why the cosets of subgroups 
of other finite groups should (a) be equinumerous and (b) partition the group. Any 
possibility of analogy with other groups would depend on structuring the presentation of 
the example in an appropriate manner. 

The generic example involves making explicit the reasons for the truth of an assertion by 
means of operations or transformations on an object that is not there in its own right, but 
as a characteristic representative of the class. (Balacheff, 1988, p. 219) 

In this way the generic example serves not only to present a confirming instance of a 
proposition - which it certainly is - but to provide insight as to why the proposition holds 
true for that single instance. The transparent presentation of the example is such that 
analogy with other instances is readily achieved, and their truth is thereby made 
manifest. Ultimately the audience can conceive of no possible instance in which the 
analogy could not be achieved. 

A video 3 published by the British Office for Standards in Education , intended to 
exemplify and promote ‘direct teaching’ of mathematics in schools, features one teacher, 
Kate, with a class of 10- and 1 1 -year-olds. In the middle phase of the ‘Numeracy Hour’ 
lesson, the children investigate the ‘Jailer Problem’ in small groups, before being 
brought together by Kate (presumably for some direct teaching). The details of the 
problem are not important here, but the solution turns out to hinge on the fact that every 
square number has an odd number of factors. In fact, Kate explains this to the class by 
reference to (what we recognise as) a generic example. She points out that every factor 
of 36 has a distinct co-factor, with the exception of 6, and so 36 has an odd number of 
factors. She then generalises, “One of the factors of a square number is a number times 
itself; that’s why it’s a square number, isn’t it?”. Her choice of 36 is interesting - small 
enough to be accessible with mental arithmetic but with sufficient factors to be non- 
trivial. No reference is made in the commentary to this aspect of her teaching and proof 
strategy. 

Liz Bills and I have recently considered ways in which exposure to examples may lead 
students to make both appropriate and inappropriate inductive generalisations (Bills and 
Rowland, in press) The second category is illustrated by the case of Trevor, a student 
who witnesses the derivation (by his teacher) of (x-3) 2 + (y-5) 2 = 4 as the equation of the 
circle with centre (3, 5) and radius 2, yet who perceives the final '4' as the diameter of 




2 The order of (number of elements in) every subgroup of a finite group divides the order of the 
group. D 4 is the symmetry group of a square (order 8 ) and Z 15 the set {0, 1, 2, ... 14} under addition 
modulo 15 

3 Teachers Count. Ofsted, Crown Copyright, 1997 
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the circle. Bills and I distinguish between empirical generalisations and structural 
generalisations. The former derive only from the form of 'results' (usually numerical) 
and observed relationships. Like Cathy and Emma's doubling generalisation, empirical 
generalisations may possess predictive potential but lack explanatory power. Of course, 
inappropriate empirical generalisations such as Trevor’s lack both. Structural 
generalisations, on the other hand, are based on underlying meanings, structures or 
procedures. They go beneath the form of results to achieve explanatory insight. 

We argue that inductive reasoning transcends empirical speculation when explanation is 
available to the student as a structural generalisation of some kind. A generic example 
which successfully “speaks the generality” (Mason and Pimm, 1984, p. 284) for the 
audience has the quality of such a structural generalisation. We describe two small-scale 
empirical studies in evidence. Both involve offering college mathematics students 
generic examples to account for mathematical generalisations. The second study, for 
example, concerns proof of the number-theoretic theorem that every prime number p has 
a primitive root, 4 by reference to the generic case p= 19. The students completed 
questionnaires which asked ( inter alia): 

o Does the explanation for p= 19 convince you that /?=29 has a primitive root? 

° Does the explanation for p= 19 convince you that every prime has a primitive root? 

Some two-thirds of the students responded in the affirmative. Their comments were 
characterised by the student who wrote: 

It is easy to follow the logical progression of the proof for /?= 19 with any other prime in 
mind, and I can see no area of the proof which gives me any doubt that it wouldn’t work 
for any prime. 

This student and others have made a judgment as to which aspects of the generic proof 
are transferable. Semadeni identifies this as an issue, but one that is not peculiar to 
generic arguments: 

How can one know whether the child is concerned by the validity of the proof by inner 
understanding and not just by being prompted by the authority of the teacher? Without 
dismissing this criticism, we note that it applies to any proof in a textbook: if the author 
finds his proof correct and complete, this does not automatically imply that students 
understand it. (Semadeni, 1984, p. 34) 

GENERIC EXAMPLES AND DIDACTIC STRATEGY 

I had, in fact, shifted from a conventional-algebraic to a generic presentation of the 
primitive root proof some years ago, within a 48-hour unit on Number Theory, out of 
conviction that most students found the 'proper' proof impenetrable. The standard 
general proof (see, for example. Baker, 1984, p. 23) is surprisingly indirect and laden 
with notational complexity. I had already taken for myself the stance which Hersh 
(1993, p. 397) subsequently labelled Humanist (in contrast to Absolutist) in my approach 



r? has a primitive root if the group { 1, 2, 3 under multiplication modulo p is cyclic 
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to proof. Whereas the Absolutist teacher chooses the shortest and most general proofs, 
for the purpose of certification, the Humanist teacher uses the most enlightening proofs 
for the purpose of explanation. Initially this choice may be at the expense of succinctness 
and even elegance. 

I believe that learners of mathematics at all levels, including university students, should 
be assisted to perceive and value that which is generic in their own particular insights, 
explanations and arguments. The barrier between such a level of knowing and the 
writing of 'proper' proofs is then seen for what it is - a lack of fluency not with ideas, but 
with notation. For this reason, I question Balacheff s inclusion of proof by generic 
example in an inferior category of “pragmatic proofs”, along with naive empiricism and 
crucial experiments. I would regard generic proofs as being of a very different order of 
generality from these. 

In their study of college students’ understanding, production and appreciation of proofs, 
Harel and Sowder (1996) also present something of a deficit view of generic proof 
schemes. 

In a generic proof scheme, conjectures are interpreted in general terms but their proof is 
expressed in a particular context. This scheme reflects students' inability to express their 
justification in general terms . (p. 43, emphasis added) 

In some instances, this may indeed be the case. In others, it may be that the generic 
example adequately bears the intended generality, and is fully sufficient for purposes of 
conviction and explanation. There is an obvious sense in which proof by generic 
example might be a half-way house between empirical generalisation and generalised 
formal proof (Bills, 1996, p. 84). In my view, there is a great deal more scope for 
recognition of well-constructed generic examples as didactic devices , as potentially- 
sufficient justifications or as 'stages’ towards arguments presented with conventional 
generality. 

I provide one further example from my own teaching to exemplify the latter. The context 
is a one-to-one Number Theoiy supervision with Jonathan, who is trying to prove his 
conjecture that the congruence x 2 + e 0 mod p has 2p+l solutions for primes 
p^l mod 4. He realises from examples that a possible key to proof is the fact that for the 
primes under consideration, every quadratic residue [x 2 mod p] can be paired with 
another to give a multiple of p . [For example, with p= 13 and x=6, 6 2 +4 2 =52], 
Nevertheless, Jonathan is stuck. 

Jonathan: Which ... that's the bit I cant. I'm not ... able to explain. I can’t. I'm not, I can't 
say why they pair off, like that [...] They add up to give p each time, these two 
... these pairs of squares ... 

My concern is to assist Jonathan to “say why”, and to give him some role in the 
construction of an argument. 

Tim: OK. I mean, can you take it any further than there. You’re absolutely right. 

How can you take it any further than ’’there always happens to be"? [...] 




8 3 ^ 4 " 70 



Jonathan: ... they really do separate, but I can't explain, why they separate. 

By this stage, I have made a spontaneous but conscious pedagogic decision to construct 
the argument as a generic example, and I think aloud as I decide which prime will best 
“speak the generality”. I consider 13, and reject it in favour of 17, because minus 1 is 
then congruent to 16, and so can be shown to be a quadratic residue of 17 in a 
particularly direct fashion. 

Tim: OK. Well, I'd like to take you a bit further down that road [...] I'm just 

wondering whether to talk about thirteen, or something that's less obvious, 
because an argument can be more forceful when you can't just - other than the 
numerical calculations - say “Well, obviously”. Yes? 

Jonathan: Yes. 



Tim: So suppose ... [pause] Right, OK, [..] suppose we took seventeen. 

Jonathan: Yes, OK. 



Tim: And the first thing to note is, you should know that minus one is a quadratic 

residue, and that's a particularly easy one because four squared is sixteen, 
which is minus one. 

Here, I am drawing attention to a feature 5 of the particular prime [17] that holds for 
every prime psl mod 4. The concreteness of 17 nevertheless facilitates the construction 
of the argument. 

Jonathan: Oh, yes. 

Tim: So just bear in mind if you will that four squared is minus one, yes? 



Jonathan: Right. 

Tim: Now pick -you pick, anything from nought to sixteen. 

Jonathan: Ten. 

Further discussion establishes that the quadratic residue 15 [i.e. 10 2 mod 17] must have 
additive inverse (4xl0) 2 . Whilst this can be verified numerically, the conviction lies in 
the structure of the argument, not in the numerical calculation. Moreover, Jonathan's 
choice of 10 could be replaced by any other residue mod 17 in the same argument. 

Tim: Now, can you see that in principle you can do that with absolutely ... I mean, 

you took ten, but you could do that with anything that you took. 

Jonathan: Yeah. 



Tim: And it's because, minus one is a quadratic residue. 

Jonathan: Oh ... right [chuckles]. 



5 This standard result of number theory amounts to the fact that the odd prime divisors of x 2 +\ 
(where x is an integer) are all of the form 4k +\ ; moreover, every such odd prime divides some 
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Tim: 



Well, it takes us beyond this kind of level of “there always happens to be 
one”. I mean, that's why there always has to be one. 

Jonathan: Right, OK. 

Our discussion of that problem went no further; Jonathan went away and wrote out a 
conventional, generalised proof, making no reference to particular values of p, x or y. 

CONCLUSION 

Whereas generic examples as proof schemes are reasonably well-established in the 
literature, their status is typically presented as inferior to proofs presented in formal and 
conventional generality. In classroom situations - especially for purposes of explanation, 
but also for conviction - 1 question whether that pejorative view of the status of generic 
arguments is justifiable. 

I also urge that more conscious attention be given in mathematics teacher education - at 
all levels - to the deployment of generic examples, as didactic tools, for purposes of 
explanation and conviction. 
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Children’s Multiplicative Problem-Solving Strategies 
in Real-World Situations 

Silke Ruwisch 



This paper describes an empirical investigation about arithmetical problem solving 
strategies and action patterns of primary school children dealing with multiplicative 
real-world situations . Wee chose three multiplicative real-world settings, which were 
similar to each other in their arithmetical structure but differed in the situational 
contexts. 67 second-graders - age 7 to 8 - and 55 third-graders - age 8 to 9 - were 
combined into pairs and confronted with two of these contexts in a simulating 
situation. The results of the qualitative analysis show that the arithmetical strategies 
observed are mainly influenced by the possible action patterns instead of learnt 
algorithms. The acceptance of the solutions and the heuristics seem to be much more 
determined by school experiences and routines. 

Theoretical Backround 

Within the last two decades the body of literature related to our topic has grown quite 
voluminous. On the one hand a lot of research has been devoted to the development of 
multiplicative concepts (eg., Greer 1988, 1992; Nesher 1988; Schmidt & Weiser 1995; 
Vergnaud 1983, 1994) and the problem-solving strategies of primary school children 
dealing with multiplicative problems (eg. Anghileri 1989; Bonig 1995; Brown 1992; 
Burton 1992; Kouba 1989, Selter 1994; Steffe 1988). 

On the other hand you find numerous studies on the use and learning of mathematics 
outside school in comparison to classroom routines inside (eg., Carraher, Carraher & 
Schliemann 1985, 1987; Lave 1988; Lave, Smith, and Butler 1989; Lave & Wenger 
1991; Masingila, Davidenko & Prus-Wisniowska 1996; Saxe 1991; Scibner 1984). 

While the work of the first group of studies concentrate on primary-school children’s 
strategies dealing with one-step word problems the second group of investigations is 
interested in mathematical strategies in real-world situations with a focus on older 
children and adults. 

Now, the main concern of our work is the combination of real world situations and 
primary school children. Therefore we investigate the multiplicative problem-solving 
strategies by German second- and third-graders (age 7-9) in real world situations. The 
main focus of this paper will be on the observed arithmetical strategies which were 
used in the underlying contexts. 

Design of the Study 



To serve the purpose of our study we looked for real-world settings which are similar 
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to each other in their arithmetical structure but differ in the situational contexts. Thus, 
they had to meet the following criteria (see Ruwisch 1995): 

- They have to belong to the children’s experience. 

- They have to represent the whole complexity of the real situation. 

- They have to be realistic concerning the used materials. 

- They have to be open for different solutions and different problem-solving 
strategies. 

- They have to open different possibilities for the handling of materials. 

We constructed three multiplicative settings that satisfy these conditions: All the three 
deal with shopping lists, which have to be filled in by the children (see Ruwisch 1998). 

In the first situation, called „ classroom party ", the children were given a list of seven 
goods. They were asked to buy each of these goods for a party with 1 8 children. They 
could do so in a fictitious supermarket where all the goods were presented in their 
genuine packaging. The children's task was to determine the number of packages 
needed. 

In the second setting, called Juice pimcW\ the children were given the instructions for 
the mixture of a fruit punch. The instructions contained the number of glasses of juice 
necessary for the punch. The children were offered bottles of juice in three different 
sizes. Their task was to determine the number of bottles that had to be bought for the 
punch. 

In the third situation, called „doll’$ home ", the children were asked for their help in 
tiling the three rooms of that house. Packs of small tiles were offered in three different 
sizes, and the children should again determine the number of packs needed. 

While all three situations include multiplicative structures and are constructed in a very 
similar fashion, they also show some striking differences (see table 1): They do not 
only differ in their situational context but also in the underlying mathematical content: 
numbers, volume and area. 

Although all three settings belong to the situational model of equal measures, the first 
may be seen as equal grouping, because the material given is countable. Furthermore 
the „doll’s house tc also requires the interpretation of the given rooms as a rectangular 
array of square tiles. Referring to the arithmetical structure of the tasks, all three 
situations contain tasks of the structure x b = a and also the more difficult variant 
x ’ b > a. If the children combine packs with different numbers of elements, they are 
faced with tasks in the form of * • b + y • c = a and x • b + y • c > a respectively. 

But there are also slight differences in the arithmetical demands between the three 
settings: While in the first situation „classroom party", the total number a of goods 
needed is given by the constant ‘18’, the total number of glasses for the Juice punch" 
is also given but differs with the different juices. The solution to the' third- problem, 
„doll’s house", requires the determination of the total number of tiles needed by 
measuring the three rooms. 



situational 

context 


given materials 


situational model of 
multiplication 


arithmetical 

structure 


numbers 

„classroom party“ 




goods with 
different numbers 
of elements (, b ) 
per pack 




equal groups 
number of packs 
number of goods per 
pack 

total number of goods 




x b £ 18 
packs with 
b given as 2, 3, 
4, 5, 6, 7 or 9 










volume 
, juice punch** 




bottles of juice 
with different 
volumes (b) 




equal measures 
number of bottles 
number of glasses per 
bottle 

total number of glasses 




x ■ b l>a 
a given in the 
instructions as 15, 
12, 8, 5 or 20 
be {2,5,7} 










area 




three rooms 
of different area 

(d) 




rectangular array 
number of rows 
number of columns 
number of tiles 




x b £a 

a to be detemined 


„doH’s house“ 




packs 
with a 

different number 
of tiles (A) 




equal groups 
number of packs 
number of tiles per pack 
total number of tiles 




be {3,6,8} 



Tab. 1: Similarities and differences of the designed problems 



Data and Methodology 

Subjects. The subjects of the study were 122 children from 7 different German public 
primary schoolclasses. If possible, all students of these 7 classes were included. Thus, 
67 second-graders - age 7 to 8 - and 55 third-graders - age 8 to 9 - participated in our 
investigation. At the time of inquiry the second-graders had not been introduced to 
multiplication or division yet. The third-graders had already been instructed with the 
multiplication and division facts of problems with small numbers up to 10 x 10 = 100. 



Procedure. The children were withdrawn from the classroom and confronted with the 
material in a separate room. They were given a. short introduction into one of the 
situations described above. Then they had to work by themselves until they indicated 
to us that they had finished. On average the working-phase - which was videotaped - 
lasted 20 to 30 minutes. This working-phase was followed by a short re-interview 
about the actions we had observed. Since we were also interested in symmetrical 
interactions between peers in handling real-world problems, all children worked in 
pairs. Within two weeks, the children were confronted with two of the three situations 
in order to gain information about the stability of their strategies independent of the 
situational context. We also varied the sequence of those two situations for the reason 







4-75 



